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PATHWAY OF SERINE FORMATION FROM CARBOHYDRATE IN RAT 
LIVER* 


By Axrra IcHIHARAT AND Davin M. GREENBERG 


DEPARTMENT OF PHYSIOLOGICAL CHEMISTRY, UNIVERSITY OF CALIFORNIA SCHOOL OF MEDICINE, 
BERKELEY 


Communicated by H. A. Barker, June 3, 1955 


There are a number of reports on the formation of serine from glucose in animal 
tissues,'~* but experimental evidence for the steps in the main pathway of serine 
formation has not been available up to now. Sallach* has recently reported the 
presence of a transaminase between 3-hydroxypyruvic acid and alanine and has 
presented a possible pathway of serine formation from p-glyceric acid through 3- 
hydroxypyruvic acid. This paper reports the formation of serine from glucose, 
p-glyceric acid, 3-phosphoglyceric acid, and 3-phosphohydroxypyruvie acid by a 
rat-liver enzyme system and presents an alternative pathway of serine formation. 


EXPERIMENTAL 


Preparation of Enzyme System.—The livers from male rats, weighing 250-300 
gm., were homogenized with 2 volumes of 0.1 M phosphate buffer (pH 7.4) in a 
Waring Blendor for 40 seconds. The homogenate was then centrifuged at 600 X 
g for 10 minutes and the supernatant fluid recentrifuged at 105,400 X g for 30 
minutes in the Spinco preparative ultracentrifuge. The supernatant fluid from 
this was fractionated with saturated (NH,4)2SO,, and the enzyme activity was found 
in the fraction precipitating between 33-66 per cent saturation. This was dissolved 
in 0.1 M phosphate buffer and dialyzed against 0.03 M phosphate buffer, both at 
pH 7.4, for 6 hours. This served as the enzyme system. When inorganic phos- 
phate determination was required, 0.2 M Tris buffer (pH 7.4) was substituted. All 
isolation procedures were carried out in the cold (<3° C.). 

Radioactive pi-glyceric acid was purchased from Isotopes Specialties Co., Glen- 
dale, California, and pyruvamide and zine lactate from Tracerlab, Inc. Radio- 
active glucose was generously furnished by Dr. W. Z. Hassid, radioactive 3-phos- 
phoglyceric acid by Dr. J. A. Basham, and unlabeled 3-phosphohydroxypyruvic 
acid by Dr. C. E. Ballou.® 

Assay Methods.—One milliliter of the enzyme preparation, the indicated sub- 
strates and cofactors, and 2 ml. of buffer solution in a total volume of 5 ml. were 
incubated for 2 hours at 37° C. in Warburg vessels. The reaction was stopped by 
the addition of trichloroacetic acid to give a final concentration of 10 per cent. 

When radioactive substrates were employed, the serine formed was determined 
by adding carrier serine and recrystallizing to constant specific activity according 
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to the method of Siekevitz and Greenberg.’ The serine formed from nonradioactive 
substrates was determined by periodate oxidation and measurement of the formalde- 
hyde, according to the method of Frisell et al.?- Inorganic phosphate was measured 
by the method of Lowry and Lopez.’ 


RESULTS 


Serine Formation from Uniformly Labeled Glucose.—Table 1 shows the formation 
of serine from uniformly labeled glucose and the considerable dilution of the radio- 
activity in the serine by the addition of nonradioactive 3-phosphoglyceric acid. 
The highest results were obtained anaerobically and in the presence of NaF, which 
would preclude the reaction proceeding to pyruvic acid. The tissue with the high- 
est activity of serine formation was liver (Table 2). 


TABLE 1 


SERINE FoRMATION FROM UNIFORMLY LABELED GLUCOSE INCUBATIONS WITH 
66.8 X 104 c.p.m. of RADIOGLUCOSE 


Serine Respiratory CO: 
Atmosphere Addition (c.p.m.) (c.p.m.) 
Or None 360 255 
No None 560 75 
Os 5 X 10-* M NaF 160 138 
No 5 X 10-3? M NaF 960 68 
Ne NaF, 200 uM PGA* 313 oe 
* PGA = Nonradioactive 3-phosphoglyceric acid. 


TABLE 2 
Activity OF SERINE ForMATION oF VARIOUS TissuUES* 


Serine 

Tissue (c.p.m.) 
Liver 1,740 
Kidney 460 
Spleen 0 


* Each flask contained 66.8 X 10‘ e.p.m. of radioglucose, 400 
mg. of tissue homogenate, 5 X 10-3 M NaF, and 2 ml. of 0.1 M 
phosphate buffer (pH 7.4) in 5 ml. anaerobic incubation. 


Serine Formation from Pyruvic Acid-2-C and Lactic Acid-2-C'*.—-Although it 
has been reported that serine was synthesized from pyruvic acid,’ neither pyruva- 
mide-2-C'4 (16 & 10° ¢.p.m.) nor lactic acid-2-C' (46 & 10° ¢.p.m.) yielded any 
appreciable serine with our enzyme, and this negative result was not altered by 
addition of either ATP, KCl, or DPN. 

Serine Formation from Uniformly Labeled and Nonradioactive 3-Phosphoglyceric 
Acid.—The dilution of the radioactive serine by nonradioactive 3-phosphoglyceric 
acid in the presence of NaF (Table 1) suggested that serine might be formed from 
3-phosphoglyceric acid without passing through pyruvic acid. This possibility was 
tested with both uniformly labeled and nonradioactive 3-phosphoglyceric acid. It 
was found that 3-phosphoglyceric acid was converted to serine and, moreover, that 
the reaction was accelerated by DPN and alanine or glutamic acid (Tables 3 and 4). 
No difference was found in the stimulation of serine formation by these two amino 
acids in these crude enzyme preparations. 

Serine Formation from v-Glyceric Acid-3-C'*.—Although it was reported that 
p-glyceric-1-C'* acid gives considerable amounts of serine,‘ it was found that the 
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conversion of p-glyceric acid to serine was only slight without ATP but was sig- 
nificant in the presence of ATP, DPN, and alanine (Table 5). 


TABLE 3 


SERINE FORMATION FROM UNIFORMLY LABELED 3-PHOs- 
PHOGLYCERIC Acrp* 


Serine Recovery 

Additions (c.p.m.) (Per Cent) 
None 10,253 2.0 
Glutamate (20 uM ) 25,628 5.2 
DPN (400 ugm. ) 19,254 3.8 
ATP (20 uM) 18,434 3.6 
Glutamate, DPN 33,238 6.6 
Glutamate, DPN, ATP 33,596 6.7 


* Anaerobic incubations with 5 X 10° c.p.m. of uniformly labeled 
3-phosphoglyceric acid and 5 X 10-3 M NaF. 


TABLE 4 


SERINE FORMATION FROM NONRADIOACTIVE 3-PHOSPHOGLYCERIC AND 3-PHOSPHO- 
HYDROXY PYRUVIC ACID 


Serine Inorganic P Recovery 
Additions (uM) (uM) (Per Cent) 
PGA (5 uM)*> F 0 0.5 0 
PGA, DPN (400 ugm.) 0.52 Oe0 10.4 
PGA, DPN, alanine (7.5 uM )t 0.66 1.37 13.2 
PGA, DPN, alanine, NaF (5 X 1073 M) 0.43 8.0 
PGA, alanine 0.10 2.0 
PGA, DPN, alanine, ATP (20 uM) 0.67 13.2 
3-P-Pyr (3 uM)t 1.08 36.0 
3-P-Pyr, alanine (7.5 nM) 1.23 41.0 


* PGA = 3-phosphoglyceric acid. 
+ 0.2 M Tris buffer (pH 7.4). 
' 3-P-Pyr = 3-phosphohydroxypyruvie acid. 


TABLE 5 
SERINE FORMATION FROM DL-GLycEeRIC Acrip-3-C!** 


Serine Recovery 

Additions (e.p.m.) (Per Cent) 
None 2,865 0.5 
ATP (20 uM) 21,642 4.0 
DPN (400 ugm.) 4,858 0.8 
Alanine (20 uM) 5,865 1.1 
Alanine, DPN 8,129 1.6 
Alanine, DPN, ATP 60,750 12.1 


* Incubations with 5 X 105 ¢.p.m. of pu-glyceric acid-3-C™. 


Serine Formation from 3-Phosphohydroxypyruvic Acid.—W hen 3-phosphohydroxy- 
pyruvic acid was incubated with the enzyme, serine synthesis was observed, and this 
was accelerated by the addition of alanine (Table 4). 


DISCUSSION 
It is a well-known fact that serine and glycine are readily interconvertible, °-” 
but, from the viewpoint of actual serine synthesis in animal tissues, it appears that 
certain three-carbon compounds, derived from glycolysis, are more likely to be 
major precursors of serine.'* Anker suggested the intermediary formation of 
serine from pyruvate on the pathway to glycine,’ but our results do not support this 
suggestion. Sallach presented a possible scheme which shows serine formation 
from p-glyceric acid through 3-hydroxypyruviec acid. As mentioned above, p- 
glyceric acid itself was a poor source and required DPN, alanine, and especially 
ATP to produce good results. These findings suggest that p-glyceric acid may be 
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converted to serine through 3-phosphoglyceric acid. As shown in Tables 3 and 
4, 3-phosphoglyceric and 3-phosphohydroxypyruvic acid are converted to serine 
by the additions of DPN and alanine, and alanine, respectively. Although ATP 
showed a slight activation on the formation of serine from 3-phosphoglyceric acid, 
it is likely that this is due to the protection of 3-phosphoglyceric acid from dephos- 
phorylation. 

On the basis of the above-cited results we present the following alternative path- 
way of serine biosynthesis (Fig. 1). This pathway might involve the following 


Glucose ———> 3-phosphoglycerate ———> Pyruvate 


TATP | 
DPN p-glycerate 
4 | 
3-phospho- 3-phospho- 
hydroxy- ——— > _hydroxy- 
pyruvate pyruvate 
Atnin| | Alanine | 


Phosphoserine ———— Serine — 
Fig. 1.—Possible pathway of serine formation. 


enzymes: a glyceric acid kinase, a 3-phosphoglyceric acid dehydrogenase, a 3- 
phospho- or hydroxypyruvic acid transaminase, and a phosphatase. From Figure 
1 it is seen that one point which still remains unsettled is the identity of the pre- 
cursor of serine, 3-hydroxypyruvic acid, or phosphoserine. We hope to determine 
this in the near future. 


SUMMARY 


1. It was found that a crude enzyme system of rat liver can catalyze serine 
formation from glucose, p-glyceric, 3-phosphoglyceric, and 3-phosphohydroxy- 
pyruvic acids. 

2. It was necessary to add ATP, DPN, and alanine to secure synthesis from 
p-glyceric acid; DPN and glutamate or alanine from 3-phosphoglyceric acid; and 
alanine from 3-phosphohydroxypyruvic acid. 

3. A possible pathway of serine biosynthesis is presented and discussed. 


* Aided by research grants from the American Heart Association and the National Cancer Insti- 
tute, U.S. Public Health Service (Grant No. C-327). 

+ On leave from the Institute of Microbial Diseases, Osaka University, Osaka, Japan. 
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DERIVATIVES OF MENADIONE AS ELECTRON ACCEPTORS IN THE 
OXIDATION OF REDUCED DIPHOSPHOPYRIDINE NUCLEOTIDE 


By D. R. STRENGTH AND SisteR M. ANGELICE SEIBERT, O.S.U.* 
DEPARTMENT OF BIOCHEMISTRY, ST. LOUIS UNIVERSITY SCHOOL OF MEDICINE, ST. LOUIS, MISSOURI 
Communicated by E. A. Doisy, July 1, 1945 


The results of recent reports suggest a relationship between naphthoquinones and 
electron transport. Martius and collaborators'~* observed a stimulation of elec- 
tron transport and oxidative phosphorylation by vitamin K, and an uncoupling of 
oxidative phosphorylation by 3,3’-methylenebis-(4-hydroxycoumarin) in studies 
of animal tissue preparations. Wosilait and Nason,‘ Dolin,> and Cormier and 
Totter® reported an acceleration of the rate of oxidation of reduced diphosphopyri- 
dine nucleotide (DPNH) by 2-methyl-1,4-naphthoquinone (menadione) in protein 
preparations obtained from microérganisms. According to a report by Uehara and 
Muramatsu,’ the oxidation of phosphogluconate, glucophosphate, and ribose phos- 
phate by yeast autolysates is promoted by menadione. Ball et al.§ observed an 
inhibition of the reduction of cytochrome e¢ by 2-alkyl-3-hydroxynaphthoquinones 
and suggested that the inhibition occurred between cytochromes b and c. The 
inhibition of the reduction of eytochrome ¢ by 2,3-dimercaptopropanol (BAL) ob- 
served by Slater’ and by antimycin A shown by Chance," and the uncoupling of 
oxidative phosphorylation by 3,3’-methylene bis-(4-hydroxycoumarin),' are sug- 
gestive of inhibition of a factor or factors which function in electron transport. The 
inhibitors BAL,*® antimycin A,'° and the 2-alkyl-3-hydroxynaphthoquinones® ap- 
pear to exert their effects at the same site. 

Chance!! found that the cytochrome b content of Ehrlich, Krebs 2, and dba 
thymoma ascites tumors was markedly low as determined by spectroscopic meas- 
urement. Strength and Seibert!? reported that the addition of cytochrome b and 
menadione to preparations of lymphosarcoma 6C3HED markedly increased the 
rate of cytochrome ¢ reduction by DPNH, while cytochrome b or menadione 
alone was ineffective. Dicoumarol inhibited cytochrome c reduction under 
these conditions and the inhibition was reversed by further additions of 
menadione. The site of stimulation of the reduction of cytochrome ¢ by mena- 
dione and the inhibition by dicoumarol was localized between cytochromes b 
and ec. Reif et al.'* and Reif and Potter’ in studies of certain normal and tumor 
tissues obtained results suggestive of antimycin-sensitive and antimycin-insensitive 
pathways of DPNH oxidation. All the tissues studied exhibited DPNH oxidation 
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insensitive to antimycin A, while tumor tissues exhibited a very low amount of 
antimycin-sensitive oxidation. A flavoprotein which oxidizes DPNH, DPN cyto- 
chrome reductase, was found to be concentrated in the microsomal fraction of rat 
liver by Hogeboom," Brody et al.,"* and Strittmatter and Ball.” This flavoprotein, 
ortained in a high degree of purity from pigeon breast muscle by Edelhoch et al.'* 
and from pig heart muscle by Vernon e/ al.!* was not inhibited by antimycin A. 
DPHH oxidase described by Green et al.” and Mackler*! was found in mitochon- 
dria and was inhibited by antimycin A.?!. This DPNH oxidase is spectroscopically 
similar to the cytochrome b preparation of Eichel e@ al.,?? which Strittmatter and 
Ball"? found in mitochondria. Since the reduction of cytochrome ¢ is inhibited by 
BAL, 2-alkyl-3-hydroxynaphthoquinone, dicoumarol, and antimycin A and the rate 
of reduction of cytochrome ¢ is increased by vitamin K,* or menadione, it does not 
appear unlikely that these compounds are exerting their effects upon the same com- 
ponent of electron transport. Furthermore, the reports suggest a major pathway of 
DPNH oxidation in mitochondria of animal tissues which is capable of transferring 
electrons to cytochrome c. 

Since some of these reports show an effect of naphthoquinones on electron trans- 
port, the preparation of derivatives of menadione and their influence on an electron 
transport system are reported. 

Methods.—Powders of C3H mouse liver and lymphosarcoma 6C3HED were pre- 
pared from freshly excised tissue by homogenizing the liver or tumor in 20 volumes 
of acetone for 60 seconds in a Waring Blendor at —15° C. The precipitated tissue 
was collected on a filter paper in a Buchner funnel, washed twice with cold acetone, 
and dried in a vacuum desiccator. The dried preparations were powdered in a 
mortar and stored in vacuo at 4° C. Although the activities of the powders were 
only 50 per cent of those of fresh tissues, the activities were fully maintained for 
several weeks. Tissue extracts were prepared immediately before use by homoge- 
nizing 200 mg. of tissue powder in 5 ml. of distilled water in a Potter-Elvehjem ho- 
mogenizer and centrifuging the homogenate at 13,500 X g for 10 minutes. The 
supernatant fraction was used as the enzyme source, and the process of centrifuga- 
tion obviated the necessity of adding cyanide, which Keilin and Hartree** have 
shown inhibits cytochrome oxidase, thus permitting a direct measure of the reduc- 
tion of cytochrome ¢ without the addition of cyanide. 

In preliminary experiments, the addition of menadione or other naphthoquinone 
derivatives to cytochrome ¢ resulted in no changes in the absorption spectrum of 
cytochrome c in the vicinity of 550 mu. 

Cytochrome bt was prepared according to the method of Eichel et al.,”* and lactic 
acid dehydrogenase was prepared by the procedure of Sumner and Krishnan.** 
Protein concentrations were determined by the method of Lowry et al.* 

S-(2-methyl-1,4-naphthoquinoyl-3) glutathione was prepared according to 
Fieser and Fieser;”* S-(2-methyl-1,4-naphthoquinoyl-3) thioglycolic acid and S- 
(2-methyl-1,4-naphthoquinoyl-3) homocysteine were prepared according to Fieser 
and Turner;” 2-methyl-3-hydroxy-1,4-naphthoquinone and 2-methyl-1,4-naphtho- 
quinone-2,3-oxide were prepared according to Fieser ;* the 4-monoxime of 2-methy]- 
1,4-naphthoquinone was prepared by the method of Anderson and Newman;?”? 2,3- 
dimethyl-1,4-naphthoquinone, 8-(2-methy]l-1,4-naphthoquinoyl-3) propionic acid, 
2-methy]-3-phytyl-1,4-naphthoquinone, and 2-methyl-3-phytyl-1,4-naphthohydro- 
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quinone diacetate were products available in this laboratory. The purity of these 
latter products was established by their characteristic melting points. 2-Methyl- 
1,4-naphthoquinone sodium bisulfite was a commercial product (“Hykinone,” 
Abbott Laboratories). 

Results —Extracts prepared from tissue powders by homogenization and cen- 
trifugation for 10 minutes at 13,500 & g reduced cytochrome c. The comparative 
data presented in Table 1 show that liver extract without added cytochrome b is 
three times as active as tumor extract, and liver extract without added menadione 
is seven times as active as tumor extract. However, tumor extract was nearly as 
active as liver extract when all reactants were added. Maximum activity was 
possible only when DPN, cytochrome b, menadione, and substrate were added. 
Data are included to demonstrate that without cytochrome ¢ a maximum activity 
response was obtained at about 0.3 uM of added menadione. 


TABLE 1 
RepucTION OF CyTOCHROME C IN Lactic Actip DEHYDROGENASE SYSTEM; REQUIREMENT FOR 
CYTOCHROME B, MENADIONE, AND DPN 


ADDITIONS TO SysTEM*— 


Na Lactate DPN Cytochrome b Menadione Activity 
TISSUE (uM) uM) (ug. Protein) (uM) Unitst 
Liver 145 0.2 0 0 67 
145 0.2 0 0.3 134 
445 0.2 110 0 74 
445 0.2 110 0.3 382 
Tumor 0 0.2 110 0.3 15 
145 0.2 0 0 8 
$45 0 110 0.3 10 
$45 0.2 0 0.3 $1 
145 0.2 110 0 10 
145 0.2 110 0.3 270 
445 0.2 0 0.15 26 
145 0.2 0 0.30 42 
$45 0.2 0 0.45 44 


* Other components of the system were 1.0 ml. of 0.5 M phosphate buffer, pH 7.4; 0.4 ml. of 1 K 1074 
VU cytochrome c. Total volume, 3.0 ml. 

+ One unit = A log Io/J of 0.001 during the minute between 30 and 90 seconds, measured at 550 mu 
for 1.0 mg. tissue protein. 


Since these studies established the conditions under which menadione accelerated 
the reduction of cytochrome c, it was of interest to determine whether dicoumarol or 
BAL inhibited the response to menadione. The presence of 0.6 uM of dicoumarol 
in the system containing 0.3 4M of menadione inhibited the rate of reduction of 
cytochrome c about 50 per cent, and 0.6 4M of dicoumarol in the presence of 1.0 
uM of menadione was noninhibitory. In our experiments BAL reduced cyto- 
chrome ¢ directly, thus making it difficult to determine any direct effect on the 
enzyme systems. However, BAL reacted readily with menadione in alcohol at 
room temperature to give a brown product. Since the reaction product was not 
obtained as a crystalline substance, it was purified as a brown oil, and this product 
was found to be inactive in the enzyme system. 

The results presented in Table 2 illustrate the comparative effectiveness of de- 
rivatives of menadione in accelerating the rate of cytochrome ¢ reduction by tumor 
extract. The data reported were obtained without the addition of cytochrome b 
since the extracts show a marked response to menadione or derivatives without the 
addition of cytochrome b. The addition of menadione and derivatives of mena- 
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dione, such as the derivatives containing glutathione, thioglycolic acid, aud L- 
homocysteine with the thioether linkage at the 3-position, resulted in a two- to 
threefold increase in the rate of reduction of cytochrome c. The pL-homocysteine 
derivative was approximately 50 per cent as effective as the other active derivatives. 
The t-homocysteine derivative was about three times as active as the p-homo- 
cysteine derivative. Derivatives with substituents joined to the 3-position through 
linkages other than the thioether linkage were inactive. 

Although the response to menadione and the naphthoquinone derivatives with 
thioether linkages is several fold greater in the presence of added cytochrome b 
complete data are not available on all the compounds. However, 2-methyl-1,4- 
naphthoquinone, the 3-glutathione, the 3-thioglycolic acid, the 4-monoxime, and 
the 3-hydroxy derivatives of menadione have been studied in a system containing 
added cytochrome b. The results of these studies suggested the same pattern of 
activity and inactivity of the derivatives as is shown in Table 2. 


TABLE 2 
COMPARISON OF EFFECTIVENESS OF DERIVATIVES OF 2- 
MerHYL-1,4-NAPHTHOQUINONE IN REDUCTION OF CyTO- 
CHROME C IN Lactic Actp DEHYDROGENASE SysTEM 


Activity 

Compound Added* Unitst 
None 10 
2-Me-1,4-NQ 46 
S-(2-Me-1,4-NQ-3) glutathione 41 
S-(2-Me-1,4-NQ-3) thioglycolic acid 39 
S-(2-Me-1,4-NQ-3) pi-homocysteine 26 
S-(2-Me-1,4-NQ-3) p-homocysteine 18 
S-(2-Me-1,4-NQ-3) t-homocysteine 32 
2-Me-3-OH-1,4-NQ 13 
2-Me-1,4-NQ-2,3-oxide 8 
2,3-diMe-1,4-NQ 8 
2-Me-1,4-NQ-4-monoxime 8 
B-(2-Me-1,4-NQ-3) propionic acid 10 
2-Me-3-phytyl-1,4-NQ 10 
2-Me-3-phytyl-1,4-NHQ diacetate 8 
FP RONGS | FFs ss nie aioe. ries ES FSS es Va & 8 


*0.3 uM of each derivative was added to the system containing 
1.0 ml. of 0.5 M phosphate buffer, pH 7.4; 0.4 ml. of 1 KX 10 ~4 M cyto- 
chrome c; 445 uM of sodium lactate; 0.2 4M of DPN. Me = methyl; 
NQ = naphthoquinone; NHQ = naphthohydroquinone; OH = hy- 
droxyl. 

+ One unit = A log Jo/I of 0.001 during the minute between 30 and 
90 seconds, measured at 550 my for 1 mg. of tissue protein. 


The data presented in Table 2, which show acceleration of the reduction of cyto- 
chrome ¢ by the menadione derivatives containing thioether linkages at the 3- 
position, the inactivity of menadione derivatives with other substituents at the 3- 
position, and a specificity for the L-homocysteine derivative, suggested a replace- 
ment of the thiol substituent by a sulfhydryl of protein. That chemical replace- 
ment of glutathione by thioglycolic acid is possible experimentally was ascertained 
as follows: 100 mg. of the glutathione derivative (m.p. dec. 173° C.) was dissolved 
in 25 ml. of water, and to this was added a large excess of thioglycolic acid (2 gm.). 
After 30 minutes the mixture was diluted to 50 ml. and set in the refrigerator at 
0° C.; erystallization began within 10 minutes. After four hours in the refrigerator 
the crystals were collected on a filter paper and washed repeatedly with distilled 
water at room temperature. The yield of the dried crystalline product was 34 mg. 
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(theoretical yield 55 mg.) representing a yield of 62 per cent (m.p. 156°-157°). 
Fifteen milligrams of the product recrystallized from ethanol and water melted at 
157.5°-159°; twice-recrystallized authentic S-(2-methyl-1,4-naphthoquinoyl-3) 
thioglyeolic acid melted at 157°-159°; a mixed melting point of the recrystallized 
product and twice-recrystallized authentic sample was 157.5°-158.5°; Fieser and 
Turner” reported m.p. 158°-160°, 156°-158°. Solutions of the authentic thio- 
glycolic acid derivative and the isolated reaction product in 95 per cent alcohol 
(2 mg. per 100 ml.) were subjected to spectral analysis between 220 and 700 mu. 
The solutions exhibited absorption maxima at 261 and 422 my and minima at 227 
and 381 my. There was close agreement in the intensity of the absorption of the 
two solutions at all points. 

Since the 4-monoxime of 2-methyl-1,4-naphthoquinone with an unsubstituted 
3-position was inactive in the enzyme system, it was desirable to ascertain whether 
it reacts with sulfhydryl compounds to give a 3-thioether. Incubation of the man- 
oxime with thioglycolie acid in alcohol did not give an addition product, and the 
unchanged monoxime was recovered in 85 per cent yield by precipitation of the 
compound with an excess of added water. 

In further enzymatic studies, lactic acid dehydrogenase from beef heart was used 
to replace tissue extract, and the requirements for the reduction of cytochrome c 
were as follows: sodium lactate, lactic acid dehydrogenase, DPN, cytochrome b, 
menadione, and cytochrome c. The omission of any single component resulted :in 
little or no reduction of cytochrome c. Lactic acid, lactic acid dehydrogenase, and 
DPN were replaceable by DPNH, and menadione and cytochrome ¢ were replace- 
able by the dye 2,6-dichlorophenol indophenol. These observations established 
that the cytochrome b preparation was capable of oxidizing DPNH in the presence 
of suitable electron acceptors, such as menadione or 2,6-dichlorophenol indophenol. 
The results presented in Table 3 show the effect of menadione or the dye on the 


TABLE 3 


Kerect OF MENADIONE OR 2,6-DICHLORGPHENOL INDOPHENOL ON THE OXIDATION 
or DPNH sy Pig Heart CytTocHROME B 


- —— —-ADDITIONS TO SystEM* — ————- Activity }———_—_——~ 
Cytochrome b Menadione Dye DPN 
Protein (ug.) (myuM) Dye (muM) Units Units 
110 0 0 3.0 
0 200 0 0.5 
110 200 0 19.3 
0 0 200 0.2 
28 0 200 4.7 
5D 0 200 9.9 
110 0 200 18.8 
165 0 200 28.9 


* The reactions were carried out in a reaction mixture containing the above components; 1.9 
ml. of 0.5 VM phosphate buffer, pH 7.4; and 250 millimicromoles of DPNH prepared by a modi- 
fication of the method of M. E. Pullman, 8S. P. Colowick, and N. O. Kaplan, J. Biol. Chem., 194, 
593, 1952. Total volume, 3.0 ml. 

+ One DPN unit = millimicromoles of DPNH oxidized per minute per 3 ml. = Exuo X 161 X 3. 
One dye unit = millimicromoles of dye reduced per minute per 3 ml. = Eso X 62.5 X 3 measured 
in a Beckman DU spectrophotometer in a total volume of 3 ml. in quartz cuvettes with a light 
path of 1.00 em. 


oxidation of DPNH by cytochrome b. The addition of several levels of cytochrome 
b demonstrated the linear response to enzyme. The enzyme showed very little 
activity in the absence of electron acceptors, but the addition of 200 millimicro- 
moles of menadione and indophenol gave activities of 19.3 and 18.8 units, respec- 
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tively. Thus the two compounds are equivalent as acceptors of electrons under 
the conditions described. Very little oxidation of reduced DPN was observed in 
the absence of enzyme. 

Discussion.—Lymphosarcoma 6C3HED exhibited a low capacity for the reduc- 
tion of cytochrome c in the oxidation of lactic acid. Added cytochrome b and 
menadione increased the rate of reduction of cytochrome c. 

Pig heart cytochrome b”* exhibiting absorption maxima at 414 my in th oxidized 
state and at 428, 525, and 560 muy in the reduced state possessed DPN 1 oxidase 
activity and, in the presence of menadione, catalyzed the reduction of cytochrome c. 
This pig heart cytochrome b is spectroscopically similar to the DPNH oxidase from 
beef heart mitochondria described by Mackler.?!. Chance" described experimental 
conditions required for the oxidation of DPNH by cytochrome b, using starved 
yeast cells as the source of enzyme. Antimycin A inhibited DPNH oxidation?! 
and cytochrome ¢ reduction.!° BAL inhibited cytochrome c reduction,® and the 
results of our experiments suggest that BAL inhibits the reduction of cytochrome c 
by combining with 2-methyl-1,4-naphthoquinone or a physiological quinone of 
similar chemical properties. 

A study of the activity of derivatives of menadione gave results which indicated 
that the 3-position of 2-methyl-1,4-naphthoquinone is of primary importance. 
Menadione and the thioether derivatives of t-homocysteine, thioglycolic acid, and 
glutathione were active. Activation of the system by thioether compounds may 
be dependent upon enzymatic cleavage of the thioether or a replacement reaction 
in the presence of sulfhydryl compounds. Enzymatic cleavage may be suggested 
by our observation (Table 2) showing specificity for the L-homocysteine derivative. 
A replacement reaction wherein the sulfhydryl] of protein replaces the thiol sub- 
stituent on the 3-position of the naphthoquinone may be suggested by the results 
demonstrating chemical replacement of glutathione of S-(2-methyl-1,4-naphtho- 
quinoyl-3) glutathione by thioglycolic acid. The 4-monoxime of menadione was 
inactive in the enzyme system and did not react with thioglycolic acid. Other 
derivatives of menadione with the 3-position substituted with alkyl, acyl, hydroxyl, 
and oxide groups which were not replaceable by sulfhydryl] groups were inactive. 
The inhibition of DPNH oxidation by dicoumarol and reversal by menadione, 
previously reported, has been confirmed. 

The data reported suggest a pathway of DPNH oxidation catalyzed by a mito- 
chondrial enzyme spectroscopically similar to cytochrome b®? which is sensitive to 
antimycin A?! and BAL and which will oxidize DPNH and will reduce cytochrome c 
in a system containing certain quinoid structures. 

* Damon Runyon Fund Postdoctoral Fellow. Present address: Ursuline College, Louisville, 
Kentucky. 

+ Several cytochrome b preparations were supplied through the courtesy of Dr. 8. J. Cooper- 
stein, Western Reserve University, Cleveland, Ohio. 
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METABOLIC PECULIARITIES IN NORMAL YOUNG MEN AS 
REVEALED BY REPEATED BLOOD ANALYSES 


By Roger J. Writiams, Witt1AmM DvuANrE Brown, AND Ropert W. SHIDELER 


BIOCHEMICAL INSTITUTE AND DEPARTMENT OF CHEMISTRY, UNIVERSITY OF TEXAS, AND CLAYTON 
FOUNDATION FOR RESEARCH, AUSTIN, TEXAS 


Communicated June 9, 1955 


Physiologists and biochemists have for decades been engaged in trying to con- 
struct a single picture which will represent the way in which the body of a normal 
human being functions. As a result of this approach, a tremendous volume of 
information and insight has been amassed, which, of course, it would be impossible 
to summarize in a short space. The task of constructing this picture, even leaving 
out all complications, is an extremely difficult one and very far from completed. 
It needs to be carried forward continuously. 

This approach, however, leaves out of consideration certain serious complica- 
tions to which we wish to draw attention. Largely because of our ardent attempts 
to develop a statistically valid single picture, a tremendous number of physiological 
difficulties which human beings encounter are almost as little understood today 
as they were decades ago, before we became acquainted with microbial infections, 
virus infections, and specific nutritional deficiencies. We have learned to classify 
the many different kinds of invading organisms and viruses and to recognize among 
them not only species differences but important and crucial strain differences. We 
have made very little progress, however, in learning how to classify people with 
respect to their susceptibility to metabolic or infective diseases; yet we recognize 
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in an academic way that variation within the human family is very great and that, 
regardless of whether the disease is metabolic or infective, marked differences in 
susceptibility exist. 

Our reference to the little-understood physiological difficulties which people often 
encounter has to do with medical problems: multiple sclerosis, muscular dystrophy 
allergies, arthritis, arteriosclerosis, heart failure, cancer, and various forms of mental 
disease, including schizophrenia. While for many of these diseases we may know 
the immediate precipitating causes and may be able to institute palliative measures 
we are still very much in the dark as to the fundamental bases on which the existence 
of these diseases rests. 

This darkness may gradually be dispelled as the result of innumerable research 
contributions which are not consciously or specifically related to the central theme 
of our discussion, but the desired end will come much more rapidly if we physiolo- 
gists and biochemists can be diverted sufficiently from our search for the attributes 
of a normally functioning individual so that some substantial attention can be de- 
voted to studying the distinctive attributes possessed by real individuals. 

We submit as 2. working hypothesis the idea that there is only one place to search 
for the key attributes which make certain individuals susceptible to arthritis, 
allergies, heart disease, cancer, mental disease, etc.; this is in individuals. By con- 
centrating on the statistical “single picture’ referred to above, we bar ourselves 
from finding the distinctive attributes which make for susceptibility to numerous 
specific diseases, including many that laymen rarely hear of. 

In this connection it is well to remind ourselves that susceptibility to disease 
concerns the majority; it is not a minority problem. Most individuals exhibit 
susceptibility to one or more diseases, and this susceptibility is often of a specific 
nature. Obstetricians are happy when they can inform the mother that her baby 
is “normal.” But when normal infants mature, they usually develop into adults 
who, because of specific susceptibilities, become diseased. 

What is needed, in the authors’ opinion, is a new approach which will utilize the 
vast knowledge that has accumulated but which will disregard, for the time being, 
the time-honored philosophy which centers its attention on the normal (reference) 
man. When we study chemistry, we learn about the behavior of all kinds of chemi- 
cals, their similarities and their differences. When we study microbiology, like- 
wise, we learn about microérganisms, their likenesses and their differences. We 
carry out our studies of these subjects for the most part inductively—that is, we 
make observations first, and then we formulate our generalizations on the basis 
of these observations. When in human physiology we adopt the philosophy of the 
“‘single picture,” the reference man, we reverse this procedure; we first asswme 
that the reference individual is the center of interest; then we make observations 
and apply statistics in an attempt to find out what the reference individual is like. 

The importance of this single-picture philosophy is indicated by the fact that 
it is implicitly accepted by the authors of practically every treatise and monograph 
dealing with physiology, biochemistry, pharmacology, and physiological psychology 
and by the authors of most journal articles in these fields. 

The purpose of the present investigation is to make a beginning in a long-range 
inductive approach which we are confident will contribute greatly to the under- 
standing of diseases of which the etiologies are now obscure. We have studied 
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inductively and individually a group of young men who are at present well and 
normal, with the full realization that they may have in them the roots of disease 
susceptibility, particularly susceptibility to metabolic disease. We have explored 
within this group of well young men for the existence of distinctive blood char- 
acteristies which may be associated with disease susceptibility or disease resistance. 

At this stage in the development of this new approach, we regard the mere exist- 
ence of metabolic peculiarities in so-called “normal”? young men as sufficiently im- 
portant to merit attention. To postulate or guess what diseases specific peculiari- 
ties may foreshadow would be abandoning induction for premature deduction. 
If we can offer convincing evidence that distinctive and suggestive attributes exist 
in young men who are at present healthy, other investigators will be induced to 
follow this lead by searching in a hundred ways for these individual characteristics 
which are probably closely related to disease susceptibility. Research directed to 
this end has in the past been practically nonexistent. While much research in the 
broad area which includes physiology, biochemistry, and physiological psychology 
has necessarily been concerned with individuals, the information obtained has 
been regarded as valuable and scientific only when it applies to the reference man. 

A total of twelve healthy young men were involved in this study.'! Of these, eight 
were studied more thoroughly than the other four. From each of the eight indi- 
viduals, five or six fasting samples of blood were drawn at weekly or longer intervals, 
and each sample was analyzed by conventional, recognized clinical methods for 
glucose, lactic acid, creatinine, urea, uric acid, amylase, lipase, acid phosphatase, 
alkaline phosphatase, acetyl cholinesterase, inorganic phosphate, sodium, potas- 
sium, calcium, and magnesium. The corpuscles from each blood sample were also 
analyzed for sodium, potassium, calcium, and magnesium. The character of the 
results can best be judged by a consideration of Figures 1—9. 

In Figure | is given the accumulated information taken from the best obtainable 
values from the literature on the items included in our study as they pertain to the 
reference (normal) man. Graphed in terms of polar co-ordinates, the length of each 
line represents on an appropriate scale the amount of each constituent found in the 
blood of normal man. The unshaded portion of each line represents the range 
observed when samples of blood from normal men are analyzed. 

In Figures 2-9 are graphed the corresponding data with respect to the eight young 
men most thoroughly studied. A careful inspection of these graphs shows that 
each one of the eight individuals exhibits at least one peculiarity of the sort which 
may be important in connection with his distinctive susceptibility or resistance to 
a specifie metabolic (or infective) disease. The specifie peculiarities which stand 
out in this study are listed in Table 1. 


TABLE 1 


OBSERVED PECULIARITIES IN BLOOD ComposiTION 


Conspicuously 
High Low Highly Variable Constant 
Plasma Mg (WDB) Plasma Mg (KH) Plasma Mg (RWS) Cell Na (WDB) 
Plasma K (RN) Plasma Ca (WS) Cell Ca (RG) 
Uric acid (SK) Cell Ca (SK) 
Alkaline phosphatase (RWS) Creatinine (SK) 


Lipase (GD) 
Acet vicholinesterase (RN) 
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FIGURE |. REFERENCE (NORMAL) FIGURE 2. (wos) FIGURE 3. (RN 





FIGURE 4. (SK) FIGURE 5. (RWS) FIGURE 6 (KH) 


4c 





10 
FIGURE 7. (WS) FIGURE 8. (GD) FIGURE 9 (RG) 


Fics. 1-9.—Blood components: 1, glucose; 2, lactic acid; 3, creatinine; 4, urea; 5, uric acid; 
6, amylase; 7, lipase; 8, acid phosphatase; 9, alkaline phosphatase; 10, acetylcholinesterase; 11, 
inorganic phosphate; 12, sodium (plasma); 13, potassium (plasma); 14, calcium (plasma); 16, 
magnesium (plasma); 16, sodium (cell); 17, potassium (cell); 18, calcium (cell); 19, magnesium 
(cell). 


The inclusion of “highly variable” items and ‘conspicuously constant” items 
among the observed peculiarities is justified, first, by the fact that they unques- 
tionably stand out as distinctive for the individuals concerned and, second, by the 
fact that there are already strong hints, from work both in our laboratory? and 
elsewhere,’ that this type of peculiarity may be significant in connection wth 
disease susceptibility. 

Elementary statistical considerations make our findings reasonable. The idea 
that a normal young man will exhibit about average values when tested in a number 
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of different independent ways is bound to be in error. An individual young man 
selected at random will have one chance in two of being within the median 50 per 
cent with respect to his fasting blood glucose level. He will have one chance in 
four of being within the median 50 per cent with respect to his glucose level and 
his lactic acid level. He will have one chance in eight of being within the median 
50 per cent with respect to three independent items. When one considers as many 
as nineteen items, the number we have included in our study, the chance of any 
individual’s being within the middle 50 per cent range with respect to all nineteen 
items (assuming that they are independent measures) would be less than one in a 
half-million. 

These considerations bring into bold relief the important difference between 
“statistical man” and any individual man. Statistical man, by definition, is about 
average in every respect; real men are likely to deviate markedly from the average 
in many respects. If it were possible to produce a synthetic statistical man, there 
is no telling what he would be like. Undoubtedly he would be extraordinary; 
possibly he would lack susceptibility to disease. Real individuals, on the other 
hand, have peculiarities in metabolism as well as disease susceptibilities, and it 
seems reasonable to suppose, as a working hypothesis, that the peculiarities and 
the susceptibilities are closely related. It also seems reasonable to hope, on the 
basis of the genetotrophic concept,‘ that many diseases of obscure etiology can be 
successfully attacked once we are acquainted with their biochemical nature. 

The fact that enzyme levels in the blood are characteristically different for dif- 
ferent individuals clearly indicates that the body chemistry of each individual is 
distinctive. While the total metabolism of each of two men of about average height 
and weight, measured in calories, may be about the same and very close to that of 
statistical man, the details of the metabolism of each may be highly distinctive. 
Some specific chemical reactions may be taking place in one individual ten times 
as fast as they are in another.’ If this is true, surely this must be the basis for dif- 
ferences in disease susceptibility. 

It is perhaps belaboring the obvious to say that there are a multitude of ways in 
which these or any other young men could be studied, quite aside from our par- 
ticular study. Each method of study would reveal additional evidence of the 
importance of individuality—a concept which commonly receives lip service but 
very little scientific attention.® 

If the concept of statistical man is of limited significance in connection with sus- 
ceptibility to metabolic diseases, it is also of limited value in many other areas in 
which human problems arise. It is no wonder that, in the social sciences gener- 
ally, the concept of humanity is based upon the scientifically determined char- 
acteristics of statistical man as postulated by the biological sciences. There must 
be a revolution in our thinking not only in medicine but in the social field as well; 
statistical man must be dethroned from his position as the center of our interest. 
On the basis of our study and observations he finds no counterpart in a population 
of real individuals. If we think that a typical human population consists of indi- 
viduals who are ‘about average” in most respects, our thinking is bound to be 
unrealistic and futile, because a typical human population contains no such indi- 


viduals. 
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NYBOMYCIN, A NEW ANTIBIOTIC WITH ANTIPHAGE AND 
ANTIBACTERIAL PROPERTIES* 


By Frrepa Srrewirz,t HELEN FLon, AND IGor N. AsHesHovt 
NEW YORK BOTANICAL GARDEN, NEW YORK 


Communicated by W. J. Robbins, July 2, 1956 


Culture liquids of a streptomycete, A 717, isolated from Missouri soil, were re- 
ported earlier to have a broad antiphage spectrum. Concentrates prepared from 
the culture liquid were found to have no effect on PR8 influenza or on SK polio 
virus. 

In further investigations a colorless crystalline compound with antiphage and 
antibacterial activity was isolated from the culture liquid and mycelium of A 717. 
It has been named nybomycin: The production, isolation, and some of the proper- 


ties of nybomycin are described in this report. 

Culture and Production.—The streptomycete A 717 was maintained on oatmeal 
agar. On agar plates the culture was tan to brownish, with slight droplet produc- 
tion; the undersurface was pink to reddish brown. For production of nybomycin 
the organism was grown in submerged aerated culture at room temperature in a 
potato extract medium.? Antiphage activity generally appeared on the third or 
fourth day, at which time the pH of the culture fluid was 7.2-8.2. The active sub- 
stance was present in the mycelium and in the culture liquid in about equal amounts, 
the proportion varying with the age of the culture at the time of harvest. 

Purification and Chemical Properties.—Isolation and purification of nybomycin 
was followed by assay with Bacillus cereus phage as the test organism, using the 
paper disk method.!. The mycelium was collected on a Buchner funnel, washed 
with water, and then extracted several times with boiling 95 per cent ethanol. The 
combined extracts were taken to dryness in vacuo and treated successively with 
boiling Skellysolve C (a petroleum ether fraction of boiling range 80-100° C.), cold 
ether, and cold acetone, all of which removed colored impurities. The residue was 
extracted with boiling 95 per cent ethanol, which, on cooling, deposited grayish- 
white crystals of crude nybomycin. 

The culture liquid, free of mycelium, was adjusted to pH 6.0 and extracted sev- 
eral times with n-butanol, or it was acidified to pH 2.5, filtered, and extracted with 
one-half its volume of chloroform. Considerable loss was experienced with the 
latter method because, on acidification, a precipitate containing active material 
was formed from which the compound could not be isolated. The extracts in bu- 
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tanol or chloroform, after being taken to dryness in vacuo and treated in the same 
way as described for the mycelium, yielded the same crystalline compound (as de- 
termined by ultraviolet spectrum) as obtained from the mycelium, 

The crude crystalline material was further purified by dissolving in concentrated 
hydrochlorie acid and treating the solution with charcoal (Norit A). On dilution 
of the resulting light yellow liquid with 5-10 parts of water, colorless crystals formed 
immediately. They were dissolved in boiling acetic acid, from which they crystal- 
lized on cooling or on addition of water, acetone, or other common organic solvents. 
Depending on the solvent from which it was recrystallized, nybomycin appeared 
microscopically as small, thin needles and occasionally as rods or rhomboid forms. 

Concentrated hydrochloric acid, in which a 5 per cent solution could be obtained, 
was found to be by far the best solvent. Presumably, the weakly basic compound 
forms a yellow hydrochloride which, on dilution with water, reverts to the colorless 
base. Solubility in boiling acetie acid was one-twentieth of that in hydrochloric 
acid. Pure nybomycin is even less soluble in the lower alcohols, including sec. 
butanol and isopropanol, all at boiling point, and only very slightly soluble in boil- 
ing water, pyridine, acetonitrile, and methylisobutylketone. It is very slightly 
soluble in cold water, alkali, and all the common organic solvents. 

The ultraviolet spectrum of nybomycin in ethanol shows maxima at 266 and 
285 mu. Spectra of nybomycin in ethanol and in ethanol/concentrated hydro- 
chlorie acid (1 : 2) are shown in Figure 1. The infrared spectrum is shown in Figure 
2. Analytical data® agree with the formula CgH;O2.N. Found: C, 64.21; H, 4.82; 
O, 21.60; N, 9.47; molecular weight 164 (ebullioscopic in acetie acid). Calculated 
for CsH;O.N: C, 64.42; H, 4.73; O, 21.46; N, 9.39; molecular weight 149. 

Nybomycin can be sublimed in vacuo at 250° C. without change in its ultraviolet 
spectrum or loss of biological activity. It darkens at approximately 330° C. with- 
out melting. It gives no color with ferric chloride and does not react in the biuret 
and ninhydrin test. 

Antiphage Activity._Nybomycin was tested against sixty bacteriophages and 
one actinophage by the paper disk method.! Disks were prepared by dipping them 
in a hot alcohol solution of nybomycin at 0.1 mg/ml. Antiphage activity was 
found for fifteen of the phages (staphylophages 1, 2, 3, 5, 8, 11, 14, S3K, muscae; 
B. cereus phage; Escherichia coli phages T-2, T-5, and T-6r; paratyphoid poona 
phage 1; and the phage for Streptomyces griseus); partial activity was found for 
eighteen phages (streptophage 3; enterococcus phages 5/7, 1A, 1B, 2B, and 4; 
E. coli phages T-1, T-3, T-7, and FCZ; paratyphoid A phage; and cholera phages 
B, D, F,G, J, K, and M). No action was observed on streptophages 4, 6, and 7; B. 
megatherium phage; B. subtilis phage C.S.C.; FE. coli phages 2, 4, 5, 6B, 6C, 8, 49B, 
50Br, and L-2; paratyphoid B phage 1; paratyphoid poona phage 2; Salmonella 
typhi phage 1; Shigella dysenteriae phages 513 and Flexner 2 and 3; Pseudomonas 
phages | and 2; cholera phages C, E, H, and R. Stimulation of F. coli phages 24B 
and 53 alpha was noted. These results agree in general with those reported earlier 
for the antiphage activity of culture liquids of A 717.! 

Antiphage activity of an alcoholic solution of nybomycin was determined by 
serial dilution.!. The minimum inhibitory concentration for staphylophage 14 was 
1.7 wg. per milliliter; for enterococcus phage 5/7, 0.6 ug.; for B. cereus phage, 0.5 
ug.; for E. coli phage T-2, 0.6 ug.; and for the actinophage, 0.2 ug. 
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Fig. 1.—Ultraviolet absorption spectrum of nybomycin. Meas- 
urements in a Cary recording spectropbwtometer, Model 11. Broken 
line: saturated ethanolic solution (approximately 0.025 mg./ml.) 
diluted with two volumes of ethanol; solid line: saturated ethanolic 
solution diluted with two volumes of concentrated hydrochloric acid. 
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Fic. 2.—Infrared spectrum of nybomycin (KBr briquette) by the Anderson Laboratory, Cham- 
paign, Illinois. 
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The phagocidal effect of nybomycin on free phage particles was determined by the 
method described by Asheshov ef al.!_ Because of the relatively slight solubility of 
nybomycin in suitable solvents, it was suspended in 0.5 per cent sodium carboxy- 
methyl] cellulose (CMC). A control tube containing the same concentration of CMC 
was included in each test, and the total number of phage particles in this tube was 
considered as 100 per cent. 

Nybomycin at 1 mg/ml. had no effect on staphylophage 14, enterococcus phage 
5/7, E. coli phages T-2 and FCZ, cholera phage D, and the actinophage. Exposure 
of B. cereus phage to 1.0 mg/ml caused a 47 per cent decrease in phage titer; to 0.5 
mg/ml, a 42 per cent decrease; to 0.25 mg/ml, a 24 per cent decrease; to 0.1 mg/ml, 
a 13 per cent decrease; with 0.01 mg/ml no change in titer was found. Phagocidal 
action of nybomycin on the B. cereus phage may be doubtful, since 0.5 ug/ml of nybo- 
mycin exerted an antiphage action in the serial dilution tests. 

Antibacterial Action.—In the tests for antiphage activity by the paper disk 
method, inhibition of the host bacteria was observed in some instances. There was, 
however, no necessary correlation between antiphage and antibacterial activity. 
For example, antiphage effects were observed for each of the nine staphylophages 
tested by the paper disk method, but antibacterial activity was noted for Staphy- 
lococcus aureus 14 and S3K only. 

Tests for antibacterial action (bacteria in absence of phage) were made with paper 
disks dipped in a 0.1 per cent alcoholic solution of nybomycin and by serial dilution‘ 
in which the compound was suspended in 0.5 per cent CMC or dissolved in hot 
aleohol and diluted before testing. The disk and dilution tests were substantially 
in agreement (Table 1). The minimum inhibitory concentrations obtained with 
the alcoholic solution of nybomycin (figures in parentheses, Table 1) were generally 
higher than those found when the compound was suspended in CMC. 


TABLE 1 


ANTIBACTERIAL ACTIVITY OF NYBOMYCIN AS DETERMINED BY PAPER Disk TEsTs 
AND BY SERIAL DILUTION 


Serial Dilution 


Disk (Minimum Inhibiting 
Test Concentration) (ug./ml.) 

Staphylococcus aureus, Heatley _ >50.0 

S. aureus No. 11 - >20.0 

S. aureus No. 14 + 1.0 

S. aureus S38K + 5.0 

S. muscae — >20.0 
Escherichia coli (ATCC 9637) _ >50.0 

E. coli Yoeman — (>2.5)* 

E. coli L-2 _ (>2.5) 

E. coli C — (>2.5) 

E. coli FCb 4 (2.5) 

E. coli alpha — (>2.5) 

E. coli B + (0.08) 
Bacillus subtilis (ATCC 9633 ) } 0.025 (0.25) 
B. cereus No. | , 2.0 

B. mycoides (ATCC 9634) { O.8 
Mycobacterium smegmatis (ATCC 10143) f 0.2 

Klebsiella pneumoniae (ATCC 9997 ) | 0.003 (0.08) 
Pseudomonas aeruginosa (ATCC 10145) — >50.0 


* See text. 


Nybomyein evidenced considerable specificity in its antibacterial effects. It 
was ineffective on the strain of S. aureus, Heatley strain, used in this laboratory for 
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routine antibacterial assays, on S. aureus No. 11, and on Staphylococcus muscae. 
It inhibited S. aureus No. 14 at 1.0 ug/ml and S. aureus S3K at 5.0ug/ml. It had 
no effect on the strain of £. coli (ATCC 9637) used in our routine antibacterial 
assays or on £, coli Yoeman, EF. coli L-2, EF. coli C, and FE. colialpha. It was highly 
effective on F. coli B and to a lesser degree on F. coli FCb. Nybomycin was highly 
inhibitory for Alebsiella pneumoniae (ATCC 9997), B. subtilis (ATCC 9633), Aly- 
cobacterium smegmatis (ATCC 10143), and B. mycoides (ATCC 9634); quite in- 
hibitory for B. cereus No. 1; and inactive on Pseudomonas aeruginosa (ATCC 
10145) (Table 1). 

Toxicity Tests.—Preliminary toxicity tests in mice demonstrated that nybomycin 
suspended in peanut oil and given intraperitoneally was tolerated in doses of 250 
mg/kg. Activity, as determined by assay against the test organisms, indicated 
the presence of active material in the feces for twenty-four hours and in the urine 
for three days. 

Summary.—A colorless crystalline antibiotic with a wide range of activity against 
bacterial viruses and bacteria has been isolated from an unidentified streptomycete. 
Methods of production and isolation and some of the chemical and biological prop- 


erties are described. 


The authors wish to thank Dr. William J. Robbins, Dr. Marjorie Anchel, and 
Dr. Ulrich Weiss for their valuable suggestions and helpful interest, and Margaret 
Bierfreund for the performance of the antibacterial tests. 

* Aided by grants from the National Foundation for Infantile Paralysis and from Eli Lilly 


and Company. 
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THE SYNERGISM BETWEEN ULTRAVIOLET LIGHT AND TERTIARY- 
BUTYL HYDROPEROXIDE IN THEIR MUTAGENIC EFFECTIVENESS 
IN DROSOPHILA* 


By Lvuo.in 8S. ALTENBURG 
BIOLOGY DEPARTMENT, RICE INSTITUTE, HOUSTON, TEXAS 
Communicated by H. J. Muller, June 9, 1955 


After evidence of the mutagenic effect of organic peroxides on bacteria had been 
obtained by Wyss, Clark, Haas, and Stone! in 1948, it was shown by Dickey, 
Cleland, and Lotz? (1948) that tertiary-butyl hydroperoxide acts as a mutagen in 
Neurospora crassa and by L. 8. Altenburg* (1954) that it is mutagenic when applied 
as a vapor to the polar cap cells of the early germ track of Drosophila melanogaster. 

tapoport’ had also reported, in 1943, evidence of the mutagenicity of oxidizing 
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substances in Drosophila administered by feeding. As pointed out by a number 
of investigators, the mutagenic action of peroxides is probably based, in part at 
least, oh their characteristic decomposition to form free radicals. Since it has 
been established that the photochemical decomposition by ultraviolet light of. a 
number of organic peroxides proceeds by way of a free radical mechanism, a test 
of the mutagenic effectiveness of a combination of tertiary-buty! hydroperoxide 
and ultraviolet light has been made by exposing the polar caps of Drosophila eggs to 
a very slightly mutagenic dose of the peroxide vapor and simultaneously irradiating 
them with a very low dose of mutagenic ultraviolet. light (2537 A). The syner- 
gistic action between these mutagenic agents when administered in this fashion is 
herein reported. In addition, it has been shown that enhancement of mutagenesis 
does not occur unless the ultraviolet light strikes the polar caps directly, indicating 
that here the observed synergistic action between the peroxide and ultraviolet 
light probably occurs within the cell. 

Methods.—The treatments described in these experiments were carried out in a 
glass cylindrical chamber (4.5 em. in diameter and 9 em. long), one end of which 
consisted of a quartz plate which transmitted 80 per cent of the ultraviolet light 
falling upon it. The other end of the chamber was left open when the treatment 
consisted of ultraviolet irradiation alone, but it was possible to make the chamber 
reasonably airtight, when desired, by sealing the open end with a piece of metal 
foil coated with Vaseline. The method of obtaining and preparing the eggs for 
treatment and for exposing them to the peroxide vapor has been described pre- 
viously by L. 8. Altenburg.’ 

The. polar cap ends of one group of dechorionated fertilized eggs of D. melano- 
gaster containing the cells of the early germ track were exposed to irradiation through 
the quartz plate from a germicidal lamp (over 90 per cent of the output of which 
in the ultraviolet spectrum is light of wave length 2537 A) at a distance of 180 
em. for a period of 1 minute. A second group of eggs was treated for 1 minute by 
exposing the polar caps to the vapor of a 0.5 M solution of tertiary-butyl hydro- 
peroxide in di-butyl phthalate. A third group of eggs was placed in the peroxide- 
saturated chamber for 1 minute, and their polar caps simultaneously irradiated 
through the quartz plate with the germicidal lamp at a distance of 180 cm. for 1 
minute. A fourth group of eggs was exposed to ultraviolet irradiation for 1 minute 
at 180 em. in the same chamber after it had been cleared of peroxide vapor and had 
been saturated with the vapor of di-butyl phthalate (the solvent for the peroxide). 

In another series of experiments, the polar caps of one group of eggs were exposed 
for 10 minutes in the chamber saturated with vapor from the peroxide solution. 
Another group was placed in the chamber with the polar caps facing toward the 
metal foil and away from the germicidal lamp. The chamber was then irradiated 
through the quartz plate with the light from the germicidal lamp for 10 minutes at 
a distance of L80 em. from the eggs. Still another series was run in the manner 
just described, except that the treatment time was | minute instead of 10 minutes. 
However, accidental losses greatly reduced the counts from this series, rendering 
the results hardly significant, and these are not reported. 

After each of the above treatments the eggs were allowed to develop in darkness. 
After the eggs hatched, males carrying speck (sp) as a marker in one member of the 
second pair of autosomes and nonspeck (sp*) in the homologous chromosome were 
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selected and tested for the presence of lethal mutations by the sifter technique 
(Muller). Unfortunately, the stocks used for treatment in the present experi- 
ments contained a high proportion of pre-existing lethals (not having been made 
isogenic for almost a year), but there is no difficulty in identifying these pre-existing 
lethals by the sifter technique, since an entire genome, derived from a given egg, is 
lethal. The standard errors were calculated by a method (Muller*) which takes 
into account the clustering of the mutants, i.e., the number of times any mutation 
gave rise to a group of mutations of common origin. 

Results (Table 1).—The mutation rate per tested chromosome for the eggs 
treated for 1 minute with ultraviolet light alone was 0.8 + 0.6 per cent; for those 
treated for 1 minute with the peroxide vapor alone, 0.9 + 0.4 per cent; for those 
treated for 1 minute with both the peroxide vapor and ultraviolet, 10.5 + 3.5 per 
cent; and for those treated for 1 minute with di-butyl phthalate vapor and ultra- 
violet light, 1.5 + 1.2 per cent. Thus the synergistic action of the peroxide and 
ultraviolet light treatment is apparent, although part of the enhancement may 
have been due to the presence of the di-butyl phthalate vapor. A very low muta- 
tion rate (0.5 + 0.5 per cent) had previously been obtained by L. S. Altenburg® 
from eggs exposed for from 20 to 30 minutes to di-butyl phthalate vapor alone. 

The mutation rate for eggs exposed for 10 minutes to peroxide vapor alone was 
5.6 + 2.5 per cent; for eggs whose polar caps were shielded from irradiation but were 
exposed to the irradiated peroxide vapor for 10 minutes at 180 em., 1.3 + 0.9 per 
cent. The difference (4.3 + 2.7 per cent) between the mutation rate for eggs ex- 
posed to peroxide vapor alone for 10 minutes and for eggs exposed to irradiated 
peroxide vapor for 10 minutes is not significant. Nevertheless, the results show 
that there is definitely no enhancement of the rate when ultraviolet irradiation is 
added in this manner—that is, when the light does not strike directly the polar cap 
ends of the eggs. 

Discussion.—The rate of 10.5 + 3.5 per cent for the combined peroxide vapor 
and ultraviolet light 1-minute treatment is rather high compared with the rate of 
5.7 + 2.2 per cent reported in a previous experiment which was obtained from eggs 
treated for from 10 to 30 minutes with peroxide vapor alone.* It is strikingly high 
when compared with the mutagenic effects obtained with ultraviolet light alone in 
previous experiments in this laboratory,’ this rate being roughly that obtained 
when a dose approximately 100 times as great as the present dose was applied. 
Thus the synergism between these two mutagenic agents is definitely proved, 
although it must be pointed out that part of the increased mutation rate may have 
been due to the presence of the di-butyl phthalate used as a solvent for the peroxide. 

The vapor method of treatment used in these experiments allows the eggs to be 
exposed to the products of a high dose of ultraviolet light and peroxide vapor with- 
out their being subjected directly to the irradiation. However, in these experi- 
ments exposure to peroxide vapor alone for 10 minutes gave a higher mutation 
rate (5.6 + 2.5 per cent) than did exposure to irradiated peroxide vapor for 10 
minutes (1.3 + 0.9 per cent), indicating, when considered in conjunction with the 
result of the 1-minute treatments previously discussed, that the ultraviolet light 
must strike the cell directly if its synergistic action is to manifest itself. Although 
the decrease in rate just quoted is not significant, possibly because of the large error 
involved in the testing method employed, nevertheless it is interesting to speculate 
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/ TABLE 1 
Mvuration Rares RESULTING FROM SIMULTANEOUS TREATMENT OF D. melanogaster Eaas 
{ WITH TERTIARY-BUTYL HYDROPEROXIDE AND ULTRAVIOLET LIGHT 
4 (Number of F; Cultures [Mutants Shown in Parentheses] ) 
| ULTRAVIOLET PLUS 
2537 A. ULTRAVIOLET TERTIARY-BUTYL ULTRAVIOLET PLUS D1BUTYL 
hs t Lieut, HYDROPEROXIDE VAPOR PEROXIDE VAPOR PHTHALATE VAPOR 
) (1 Mrn., 180 Cm.) (1 Mun.) (1 Mrn., 180 Cm.) (1 Mrn., 180 Cm.) 
i sp. sp* sp sp* sp sp? sp sp* 
13 Layey" 5 8 3(1) 14 12(3) 8 
( 8 6 6(1) 6 11(11)* 3 9 
91) 9 4 5 16 12(3) 3 
6(6)* 15 7 7 12(1) 13(13)* 4 
+) 9(1) 13 9(2) 14(14)* 4 
10(10)* 3 2(2)* 5(1) 8(5) 5(5)* 4 
6 4(4)* 10(1) 9 5 3 6 6 
8 1] 9 3 ata). 3 3 
4 4 6 5 6 10 9 
7 7 11 14 6 3 20 15 
, 5(1) 10 15 8 4 16 21 
3 6(6)* 7 11 5(5)* 5 10 
4 1] 11 3(2) 3 3 12 
7 13 10(1) 11 11 11 10 12 
r 3 11 11 14(1) 11(7) 5 2(2)* 
9 10 9 5 7 7 4 
3 1(1)* 1] 14 5 9(1) 15 
Bs 14 11 12 3 
8 8 10 12 7 5 3 5 
5 1] 8 6 
5 7 9 7(2) 13 
7 12 11 5 6(2) 
3 11 7 10 6(1) 8 
10 5 12 12 4(4)* 
})) 20 19 7 
112(1) 126(1) 226(3) 248(1) 142(11) 125(17) 116(4) 143(0) 
Mutation 
rates 
0.8 + 0.6% 0.9+0.4% 10.5 +3.5% 1.5+ 1.2% 
(PoLaR Caps SHIELDED) 
TERTIARY-BUTYL ULTRAVIOLET PLUS TERTIARY-BUTYL 
HYDROPEROXIDE VAPOR . HypROPEROXIDE VAPporR (10 Mrn.) 
(10 Mr.) In Air In Air plus Water Vapor 
sp. sp.t sp sp* sp spt 
3(1) 2(2)* 15 8(8)* 8(1) 
16 10 7 Zee)" 9 8 
5 13(3) 15(15)* 28 7 7(7)* 
3 14(1) 3 8 
6 12(3) 6(6)* i) 7 
9 3 5 9 4 4(4)* 
3 12 14 5 
5(3) 8 12 3(3)* 
9g 10 6(6)* 10 7 
4 7 10 25 8 
4 g 14 5 
11(11)* 7 5 4(4)* 3(3)* 
9 7(7)* 14 14 7 
9(3) 12 9 8 
7 5(5)* 3 5 
3 6 7(7)* 3(1) 
3 3(3)* 3 3 5 
4 10 8 7 8 
3(1) 6 3 
5 1] 6 
3 4 
99(4) 115(8) 106(3) 149(0) 59(0) 61(2) 
Mutation rates 5.6 + 2.5% 1.2+ 1.2% 1.7+1.7% 


* Pre-existing lethals, not included in totals. 
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that, if the decrease is real, it may simply reflect the photochemical decomposition 
of the peroxide into nonmutagenic materials. The photolysis of tertiary-buty] 
hydroperoxide has not been studied, but the photochemical decomposition by 
2537-2650 A ultraviolet light at 30 deg C. of a very closely related peroxide (di- 
tertiary butyl peroxide) has been investigated by Dorfman and Salsburg.’ The 
products of its decomposition are methane, ethane, acetone, and tertiary-buty| 
aleohol, none of which has so far been reported to be mutagenic. 

It is possible to conclude from the results of the experiments herein reported 
that free radicals or other products formed outside the cells by irradiating the 
peroxide vapor with ultraviolet light are not able, in present material, to increase 
the mutation rate appreciably. Perhaps they have a very short half-life and 
deteriorate before they effectively enter the cell. However, when formed within 
the cell, they might very well be effective. 

Summary.—The synergistic action between ultraviolet light and tertiary-buty] 
hydroperoxide in producing lethal mutations in the second pair of autosomes in D. 
melanogaster has been demonstrated (when the germ cells are treated at the polar 
cap stage in the development of the egg and lethals are looked for by the sifter 
technique), the mutation rate produced by the combined agents being 10.5 + 3.5 
per cent, as opposed to 0.8 + 0.6 per cent for the ultraviolet alone and 0.9 + 0.4 
per cent for the peroxide vapor alone (with the particular low doses of each agent 
used). A small part of the enhancement of mutagenesis may have been due to the 
presence of di-buty! phthalate, which was used as a solvent for peroxide and which 
in combination with ultraviolet light, produced a mutation rate of 1.5 + 1.2 per 
cent. When the polar caps of eggs were shielded from the direct rays of the ultra- 
violet lamp but were otherwise exposed to a combined dose of ultraviolet light and 
tertiary-butyl hydroperoxide equal to 10 times that applied in the first experi- 
ments, no increase in mutation rate was obtained over that produced by the per- 
oxide alone. It may be concluded, therefore, that the synergistic action between 
these two agents in mutagenesis here detected takes place inside the cell. 


* This work has been supported by a grant received for work of Edgar Altenburg and 
associates from the National Institutes of Health, United States Public Health Service. 
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THE SEISMIC BURIED PULSE 
By C. L. PEKERIS 
DEPARTMENT OF APPLIED MATHEMATICS, WEIZMANN INSTITUTE, REHOVOTH, ISRAEL 
Communicated June 24, 1955 


1. Introduction.—In this investigation we determine the motion of the surface 
of a uniform elastic half-space produced by a point pressure pulse situated at a 
depth H below the surface and varying with time like the Heaviside unit function 
H(t). The case of a surface pulse was treated in a previous paper,! where the formal 
solution for the buried pulse was also given. If w(p) denotes the operational rep- 
resentation of the vertical component of the displacement at the surface and q(p) 
the corresponding expression for the horizontal component, then ? 


a ie 2a J, Tol &r)E[— (28? + kee "9% + Dee") (ir) dé, (1) 
0 d 


Z 0 
dp) = HS a Jy(ér)&? [—2kape~**" + (28? + Kye My( Tae (2) 
o 0 d 
where 
M = [(2& + k*)? — 4k?a8], (3) 
ka=VE+R, ke=Ve+R, k=2 c= \". (4) 
c p 


1+ % 
Oe aes \ a (5) 
p 


Cp 


In these equations \ and uw denote the elastic constants of the medium, which are 
assumed to be equal, p is the density, ¢ the shear wave velocity, and c, the com- 
pressional wave velocity. The difference in the normal stress p,, below and above 
the source is taken to be zero everywhere in the plane of the source but to become 
infinite at the source in such a manner that its integral over the plane is finite and 
is equal to Z (negative). 

2. The Vertical Displacement.—Expression (1) simplifies by the substitution — = 


ka to 


(p) Zk Ve Jo(krx)a[—(2Qa? + 1)e**4 4 Qa%e— "PA da (6) 
w(p) = : e mee 3 ; 
ane. [(2e? + 1)? — 42? af] 
wee 
a= ¥er+ 3’ B= V x? + I, (7) 
where now the operator k appears not only in kJo(krz) but also in e~**” and e~ "8", 


As in Paper I, we seek to transform equation (6) to the form f exp [—A/(r, 
x) |g(x) dx, where the integral is to be taken along such a path in the complex z- 
plane that along it f(r, x) is real, thus leading to the interpretation f H[t — 
(1/e)f(r, x) g(x) dx. For the case H = 0 treated in Paper I, such a path is the 
imaginary axis v of the x-plane, but this path is no longer suited to our case because 
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a and @ in the exponents of equation 
(6) become imaginary for v > 1/ V3 
and v > 1, respectively. 


2.1. Method of Solution — _ Let 
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where a is either 1/ Vv. 3 or 1 and where 











f(x) is an even function of x which has 





branch points at x = +1/V3 and at 





— “10 
LAT -i EE oie | 





x= +7. Wevwrite 











Fia. 1.—The complex z-plane is cut_up by ae eat id ne ny ~kHV 2? +02 
branch lines (thick) at x = +7/./3, +1. r x Jo f(x) xe dx X 
The poles are situated at z = +(i/2): 


V/3 + 4/3. The paths chosen for the a a 

operational interpretation of 7T(p) in equa- exp (tkrx cosh ¢) dg — 
tion (8) and S(p) in equation (67) are OAB 0 

for the case a = 1/+/3 and OCD for the case 


a = 1, f exp (—tkrx cosh ¢) ie (9) 
0 


and treating, in the first instance, the first ¢ integral only, we seek to determine 
a path in the plane x = u + 2v such that along it 


MHV x? + a? — irx cosh ¢g] = 0, . (10) 


where J denotes imaginary part. By rationalizing equation (10), one easily finds 
that such a path is given either by u = 0 or by 


v = (vp? + p? cosh? gu)”, (11) 
with 
r i a’p? cosh? ¢ 
p= . vo° = = 5 (12) 
H 1+ p*® cosh ? ¢ 


The portion u = 0) is to be followed only for 0 < v < u, and from there on the path 
is to be taken along the curve (11). This is illustrated in Figure 1 for the case 
p cosh ¢ = 1, where the path OAB applies to the case a = 1/ V3 and the path 
OCD tothe casea = 1. Along the path (11) we have 


V x? +a = 


— + tp cosh ¢, (13) 
p cosh ¢ 
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| 
HV x? + a? — irr cosh g = Hv (. cosh g¢ + — ), (14) 
p cosh ¢ 


é aoe ike (15) 
p cosh ¢ 


For the part of 7 involving the second integral in the brackets in equation (9), 
the paths to be chosen are OFF of Figure 1, or OCH. It is clear that this part of 
T is the complex conjugate of the first part. Hence 


= if S(x)xe ~kHV/s*+a8 ae f exp (ikrx cosh ¢g) dg = T, + T2, (16) 
0 


/ 0 


2— Dy” v 
yr, = 7 1 i. ; 
" eu 4 ef. ¥ pch¢ + io) (——--Fo— + i) x 
> V y? a V9" 4 1 
J ( = i) exp | —an( ch g + )| dv, (17) 
p ch ¢ p ch ¢ 


) : " 
cf de { f(wv) exp [—kH Va? — v? — krvch glv dv, (18) 
0 0 


where we have used the abbreviation “‘ch g”’ for “cosh ¢.”’ 
Before proceeding with the operational interpretation of equation (17), it will 
be convenient to change from the variables ¢ and v to y and y defined by 


Vi+ dua 
v = Voy, ch y = a ll __ (19) 
Vi+ p” 


whereby equation (17) becomes 


2a > (vy -1,. y 
T\(p) = I [ vol) wf dy ( + in)( aN ‘ x 
r JO 1 pch¢ pche¢ Vy? — | 


. [Vo Vy — 1 
J (' : . iw) exp (—kaRy ch ¥), (20) 
p ch ¢g 


with 


aig I 
= Vr? + H?, A= = no(y) = = y » Veh? y =) ine he. (21) 


Since k (=p/c) appears only in the exponential, the interpretation of 7)(p) is im- 
mediate: 


ch -1(6/y) hv y Dus 1 : 
T,(6) = a ay { vol yb) dy + ity) X 
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hy ‘) = Vy? - i . 
= f pes ai ro (22) 
(Za — 1 Veh? prea ch y yrs 
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6 rat ¥ aie et 23) 
a oe - 


for @ > 1, and 7,(6) = 0, for@< 1. By differentiating 7 with respect to t, we get 


2a ] 
kT\(0) = {3 tthe 4 c Vy —1 +i ver — h®y?) X 
1 


hy? +7)| 
~ xz), (24 
(Za 1 Ve hy? Ke), @%) 


where 
rly) = = (h Vy? —1+i7 V6? — h?y?). (25) 


With the definition of x(y) given in equation (25), one readily finds that the ex- 
pression in brackets in equation (24) is equal to (70/a) (dx/dy), so that 


ydy f. =), 2 a(8) yf f(x) 
whi f f(z) = — Re ers lx, (26 
er mae i Ve? — y? ( dy : mh ‘ Ve? — ye ers 


where 
‘aor 5 é > ay 
2(1) = ; Ve — h?, (0) = [ah Ve? — 1 + iaé ihn h?] (27) 
and Re denotes real part. Equation (26) can be further simplified by solving 
equation (25) for y: 
y ww 


mes age aioe VW K(2)’ K(x) = [x2 + a%(h? + 62) — 2ah0 ~/a? + 2?], (28) 


leading to 


kT,(6) = 0, 6<1, 


_ 


2 20) xf() dx 2  sf(Vs? — = a?) ds 
rR x(1) V K(2) mR s(1) V K(s) 


kT\(@) = @>1, (29) 


where 
jethitha tes h aa, 
s = Vz? + a’, s(1) = e. s(0) = [ahd + ta Ve—1VvVi1 — h?], (30) 


K(s) = [(s — ahd)? + a%(1 — h?) (6? — 1)]. (31) 


The interpretation of equation (18) leads directly to 
) ee) v9 ] a 
rf de f f(w)H{t —- (roche +H Va? — v*)]vdv, (32) 
0 0 c 


requiring that 
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Cat yi he+ Va? — ve] =m (33 
eacohe vp che a v?| = mi(v). 33) 


Now m(v) is a monotone-increasing function of v in the whole range 0 < v < %, 
reaching a maximum value at vy of 


m(v%) = av | + p* ch? ¢. (34) 


If @ > 1, then for (ct/H) > av | + p? ch? ¢, v may cover the whole range, provided 
that 0 < ¢ < w, while for (ct/H) <a Vit p? ch? ¢, v must be less than », and ¢ > 


w, where 


l l ct 
hw =- Ve — 1, - | hy - 
ch w i v ia pee wets # 


V ar(1 + p*? ch? g) — ca | (35) 


If @< 1, then 0 < » < », and gis unrestricted. Hence 


Ts = A< h, 


= 0, 
2 ° y 
T, = —- rf de f f(iw)v de, h<@<l, 
T 0 0 


9 @ vo 9) oo y 
T= —-—- rf de { f(iv)v dv — = rf de { f(w)ov de, ¢>1. (36) 
v 0 0 Tv w 0 


On differentiating equation (36) now with respect to ¢, we get 


is 2 - .: 
kT, = - rf ae ( ) fin h<6<l, 
Te 0 ot 
> 2 as Cs fe 
kT = - rf dg Flav)», @>1. (32) 
1c d Ot 
Here we change the variable of integration to vy. Since, when v = », 
ct l 
pch¢g = a Va? — pv, (38) 
Hv y 


we obtain from equations (35) and (38) the relation 


Op Ov — c (39) 
ov at RV L(0)’ 
L(v) = K(ix) = [a%(h? + 6%) — v? — 2ahd Va? — v?], (40) 
leading to 
2 ¢ f(iv)v dv 2 te f(x)x dx 
kT, = — = - : h<@<l, 
TR Jo Viv) 7tR Jo VK(2) 
2 w yya dp yi x(1) xr dx 
kT, = 1 Eee Ae ee @>1, (41) 


aR Jo Viv) Ro Jo WK (2) 
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where we have reverted from y to », and 


(0) = abv | = h? — ahv | — 6, (42) 


a / 
w(0) = 9 Ve — h?. (43) 
Substituting equations (29) and (41) in equation (16), we get 
kT =k [ Jo(krx)f(x)xe—*Hv +a? dz = 0), 6<h, 
/0 


2 «®) f(iv)v dv 


2 I te) f(x)x dx 
rT Jo VL(v) R Jo WVK(x) 


2 (6) f(aw)v dv 2 =) f(xr)ax dx 
=—-—-J | Soe =-| [ at = 
rR Jo V Liv) mre Jo V A(x) 


2 I sds f (Vs? — a?) 
mR Ja Vie) 


h<@0<1, (44) 


6> 1, (45) 


with 
(0) = aV1 — h? — tahV62? — 1. —s (6) = iv(0). (46) 


2.2. The Case a = 1/V3.—In the case in which the value of a in the exponent 
of equation (16) is equal to 1/V3, the integral 7, in equation (18) vanishes, be- 
cause, along the portion OA of Figure 1, /f(iv) = 0. Equation (29) then gives kT, 
with 


} h ; . 
6= V3r, atl) = s(0) = hr + in, (47) 


3r 


ae 
w= Vi1—h? ro 3) K(s) = [(s — hr)? + w?], (48) 
l 
ee | s? — — ]ds 
ee 
er ~2rf | ae 


V3 mR Bi: 


9 8(8) sf (y': 
eS f = 
rR hr 


V K(s) 


s(1) V K(s) 


| 
-}ds 
3 ) 


—, (49) 


since the integrand is real between s(1) and hr. 
For the purpose of numerical evaluation of the integral, it is convenient to sub- 
stitute 


s = hr + im sin ¢, (50) 


leading to the result that, under the physical conditions of our problem, 
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" i 1 
n( 5) i tf, atta dwexp( i y+ 1) ar 0 r< Vy, (I) 
9 x/2 po ceri WE Eee 
bi: ( Re J (hr + tv sin ¢)f (hr + im sin ¢)? — — | dg, 
rR 0 3 


> am (52) 


2.3. The Case a = 1—When a = 1, we must use equations (44) and (45), since 
T, does not vanish, /f(iv) not being zero along the portion cC of the path in Figure 
1. Here we have 


6 =f, e(r) = (V1 —h? —hV1 “ees ghd, (53) 


For r < 1, we can write equation (44) as 


») e(r) , 
kT = — — rf f(w) * - | de, h<r <1, (54) 
rR 1/v3 V Liv) 


since [f(wv) = 0 for0 <v < 1/ V3. kT will be different from zero only if «(r) > 
1/V3. Now e(r) starts with the value 0 at + = h and increases in a monotone 


fashion to its maximum value of V1 _ h? at r = 1. Hence kT is zero unless 


; 1 - H 
Vf pate . 3/, - 4 4 
1—h?> mF h<v /s, r> V2" (55) 


When h < V2 »/3, the condition e(r) > 1/ V3 requires that 7 > r*, where 


7? = (v es Vi — i) 2: (56) 
v3 
It follows that 
- H 
kT(1) = y= af” Jo(krx)f(x)aexp(—kH W372 +1) dr >0, r< 7 ,r<l1, (57) 
») 
») e(r) vp H i 
— 5 aie f(iv) dv, r>—, r*<7r< 1. (58) 
— V Liv) V2 


The physical significance of conditions (55) and (56) becomes clear when we real- 
ize that a = 1 refers to the SV-wave excited by the source and that 7 < 1 refers to 
events which happen before the time of arrival of the direct S-wave. Now, when 
the SV-wave reaches the surface, it is reflected partly as an SV-wave, and partly 
as a P-wave, for epicentral distances r less than H/ V2 2, as is shown in Figure 2, a. 
When r - H/V2 (Fig. 2, b), the incident S-wave is totally reflected, and a dif- 
fracted P’-wave is direc ted i in a horizontal direction. At a point B in Figure 2, c, 
situated beyond H/¥V2, the reflected wave S’ is of the same amplitude as the in- 
cident S, but with a different phase, and there is no reflected P’-wave. Towever, 
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before the arrival of the direct S-wave, the point B receives a diffracted P’-wave 
which reaches it by the path OAB, of which the leg OA is traversed with the shear 
wave velocity c and the leg AB with the velocity of compressional waves V 36. 
The travel time of this refracted (diffracted) wave is given by 


r 


(59) 
V3 
* 


corresponding precisely to 7 = r* in equation (56). The integral (58) therefore 
represents the diffracted P-wave derived from the SV-wave incident on the surface. 


ct =| V2/3H + 


_H. 
V2 








b c 

Fig, 2.—Ray diagram of the reflection of an SV-wave at a free surface. 
S’ denotes incident SV-wave, S’ the reflected shear wave, and P’ the de- 
rived compressional wave. In diagram a, r < H//2. In diagram b, S 
is totally reflected, and a diffracted P’ travels along the surface. In dia- 
gram c, (r > H/,/2), the point B receives, before the arrival of the direct 
S-wave, a diffracted P’-wave which traveled along OA with the shear 
velocity c and along AB with the compressional velocity ./3c. The dia- 
gram was drawn under the assumption that the elastic constants \ and yu 
are equal. 


When 7 > 1, i.e., after the arrival of the direct S-wave, one can easily show that 
in the case h > V 2/; 


hr l 
I { sf(Vs? — 1) ds = 0, (60) 


V K(s) 


because the integrand is real. Hence, from equation (45), 


> 


; 9 s(r) sf(V's? me 
kT (1) I f ; ] 
mR hr V K(s) 
9 


Re 4: ; (hr + po sin ef (hr + iu sin g)? — 1] dg, 
rR 0 


¢>1, (61) 


where we have used the substitution 
s = hr + tue sin ¢, po = V(1 — Rh’ : ; (62) 


When r > (H/V2), equation (60) is not always satisfied, and /7' takes on the 
following form: 























Vou. 41, 1955 GEOPHYSICS: C. L. PEKERIS 637 


kT(1) = I ” Jelkra)ila) exp (— at VP & Des 
0 


») 


> - Re { i dg(hr + tm sin ¢)f [ V thr + ipo sin “= 1 | dg — 
T 0 


2 V1—her? f(iv)v do V/*/; H 
a ~ , L<2< fore, a 
mR Says V Liv) h V2 


9 


a Re [ “(hr + two sin g)f [WV (hr + im sin ¢)? — 1] dg, 
v 0 
V2); 


> > - (64) 
7 9 F =e ) 

h V2 

Equations (51), (52), (57), (58), (63), and (64) enable us to determine the vertical 
component of the displacement w(t) from the operational representation w(p) given 
in equation (6). 

3. The:Horizontal Displacement.—By the substitution & = kz in equation (2), 
the expression g(p) for the operational representation of the horizontal displacement 
at the surface becomes 


(n) Zk % Ji(kar)x?[—2ape~*#* + (2x? + 1)e~*#* | dex (65) 
gp) = - — = ~ —— : ) 
a eae 2 ((2z? + 1)? — 42708] . 
a= /x? et? B = / x? + l. (66) 
As in Section 2, we consider the function 
S(p) = - at J (krx)a2g(x)e7 *HV +0 dx, k= = (67) 
0 c 


/ 
where a is either (1/V 3) or 1 and where g(x) is an even function of x having branch 
points atzw = +7 ‘V3 and atx = +7. Scan be written as 


2k 00 _ (= ro) 

S=— i) ag(xje SAV 2+ dy f ch ¢ cos (kar ch g) de 
wT JO 0 
2k 


= — Re f | a2g(x)e hh 2? +08 ae f ch ¢ exp (tkar ch g) dg, (68) 
Tv 0 0 


which is similar in form to 7’ in equation (16). The interpretation of equation (68) 
can be carried out following the method used for 7’, the only difference consisting 
in the appearance of the extra factor x ch ¢ in the integrand of S. By equation 
(38), this adds the following factor in the integrand of S:: 


zch g = wech oe = — ; (ao — hVa — v”), (69) 
Vi-h 


and the same extra factor appears in the integrand of S,. 
The result is 
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S=-k | J \(kxr)atg(aet4V +4 dy > 0) 6<h, 
0 
» (0) j v 7] 
— / | (ar — hV a® — v*)g(w) | 7, h<@<1, (70) 
7r 0 V Lv) J 
» v(0) , v | 
—>-—T] (ar — hV a® — v*)g(t) | 7 dv, a) ge 
mr f A V L(v) J , 


Putting a = 1/V 3, we get 


(vs) k [Jy ker)2%g(z)e-*8 VFA 9 
2 OU -— Codie. J (baratg@aje hh Vi oe @, ie if ins 
V3 [ V3 
2 x/2 
> - Re dg(r — h?r — thy sin ¢) (hr + tm sin g) X 
ar 0 
j "iene heey I i 
g|V (hr + ivy sin ¢)? — /s], r>—z. (2) 
V3 
Similarly, 
1/4" 2: 9 —kHV/x?+1 H 
S(1) = —k J (kar )a*g(xye — 0), esa. f <, 
0 V2 
2 w/2 
o> ins ke f dg(r — h?r — thuo sin ¢) (hr + ipo sin g)g X 
ur 0 
/ pe Ee, H 
[V thr + ipo sin g)? — 1 |, roi r< , ) 
V2 
while for the case r > H V2 we get 
S(1) = -t [ Ji(kar)a2g(x)e~ "AV +1 —> 0) 7 <r* 
0 
ATE pe? h Vi = eat) | ‘ Ja . 1, (74) 
> —h — v*)g(ww) | - dv, Fee 1, 
ur 1/v3 i 4g V L(v) 
2 #/8 . : Phere 
>-—- Re { dg(r — h®?r — thu sin ¢) (hr + to sin g) X 
Tr 0 


g [ V (hr + ‘ste sin ¢)? — 1] 4 


1/v3 h 


2 Vi-nr | —. , v /2/s 
— —hV1 — v*)g(iv) = | dv, l <—, (45 
sa} (r ’ v-)g(u View | <7 (75) 
9 r/2 
>-—- Re { dg(r — h?r — tho sin g) (hr + tipo sin g) X 
0 


Tr 


SPE aan Pe re 
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With the aid of equations (72) and (76) we can determine the horizontal displace- 
ment q(t), using its operational representation given in equation (65). 

4. Summary.—An exact solution is given for the motion of the surface of a 
uniform elastic half-space produced by a point pressure pulse situated at a depth 
H below the surface. The time variation of the pressure pulse is assumed to be 
given by the Heaviside unit function. The singularity of the point source is speci- 
fied by the condition that the integral of the difference of the normal stress over a 
horizontal plane passing through the source is finite. This source excites both 
SV-waves and P-waves. The operational representation of the vertical component 
of displacement at the surface is given in equation (6), and its interpretation can 
be carried out with the aid of equations (51), (52), (57), (58), (63), and (64). The 
operational representation of the horizontal component of the displacement q(p) 
is given by equation (65), and its interpretation can be made by using equations 
(72)-(76). The interpretation is accomplished by transforming the paths of inte- 
gration in equations (6) and (65) from the real axis to the paths OA B and OCD shown 
in Figure 1. 

The motion of the surface is different in the case r < H, V2 from the case 
r > H/V2, where r denotes epicentral distance. When r > H/vV2 (for a medium 
in which the elastic constants \ and yw are assumed to be equal), the P-wave is fol- 
lowed by a diffracted P-wave, derived from the SV-wave, which arrives before the 
direct SV-wave.* This ray picture is illustrated in Figure 2. This refracted (dif- 
fracted) P-wave is represented in our solution by the integrals (58) and (74). 

The numerical evaluation of the motion of the surface due to the buried source 
for various distances from the source will be given in a subsequent publication. 

1 C. L. Pekeris, these PRocenpINGs, 41, 469, 1955. This paper will be referred to as “Paper I.”’ 
The expression for the vertical displacement in the case of a surface pulse was first given in these 
PROCEEDINGS, 26, 433, 1940. 

The method followed in this paper is similar to the one used at about the same time by L. 
Cagniard in Réflerion et réfraction des ondes seismiques progressives (Paris: Gauthier-Villars, 1939). 
I owe this reference to C. H. Dix, Geophysics, 19, 722, 1954. See also E. Pinney, Bull. Seis. Soc. 
Amer., 44, 571, 1954. 

2 Equations (20) and (21) in Paper I. 

3 This diffracted wave was found by H. Nakano in his analysis of the case of a buried line source 
(Jap. J. Astr. Geophys., 2, 233, 1925). See also E. R. Lapwood, Phil. Trans. Roy. Soc., A242, 63, 
1949. For observations of this wave in two-dimensional model experiments see F. Press, J. Oliver, 
and M, Ewing, Geophysics, 19, 391, 1954. 


ON HERMITIAN OPERATORS OVER THE CAYLEY ALGEBRA 
By A. A. ALBERT 
UNIVERSITY OF CHICAGO 
Communicated July 1, 1965 
Let Y be the vector space of all n-tuples X¥ = (x, ..., x,) with co-ordinates x; in 
the Cayley algebra € of dimension 8 over the field ® of al] real numbers. Then 


Y is a vector space of dimension 8n over 3. The algebra € has an involution 
x — x*, and we define an inner product in 2 by 
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n 


(X,Y) = Dd ry,*, (1) 


i= 
for all vectors X = (x, ...,2%,) and Y = (y, ..., yn) in&. We seek te determine 
the set % of all Hermitian operators 7’ on &, that is, the set of all linear trans- 
formations 7' over 3 of & such that 


(XT, Y) = (X, YT). (2) 


It is easy to verify that Y{ is a special Jordan algebra over 8. We shall derive the 
following result. 

THEOREM. The algebra % is isomorphic to the special Jordan algebra of all n- 
rowed real symmetric matrices. 

For, consider the equation 


(xT)y* = x(yS)*, (3) 
for all x and y of ©, where S and 7 are linear transformations over R of €. Equa- 
tion (2) reduces to equation (3), with S = 7 when n = 1. The algebra € has a 
unity element e = e*, and equation (3) implies that 

t = eT = (eS)*, aT = zt, (yS)* = ty*. (4) 


But then equation (3) is equivalent to 


(at)y* = x(ly*) (5) 
for every x and y of ©. It follows that ¢ is in the nucleus of ©, and so ¢ = +e, 
where 7 is real, 

T = rl = S. (6) 


We now consider equation (2). The transformation 7’ may be regarded as 
being an n-rowed square matrix 7’ = (7';;) whose elements 7';, are linear trans- 
£ j j 
formations on ©. Then equation (2) is equivalent to 
1 | 


n 


>» (x:T .;)y;* yh xi(yjT'j:)*. ( 


1j=1 1j=1 
Take X = (0, ..., 0, 2, 0, ..., 0), Y = (0, ..., 0, y,, 0, ..., 0), and see that 
equation (7) becomes 


“J 
— 


(xT i)y;* = x i(yjT5:)*. (8) 
This is equation (3), with 7 = 7;;,S = 7; Then 7 = S = r4f = 14,1 by equa- 
tion (6), and so 7’ = (ryl) is a real symmetric matrix. The converse is trivial, 
and we have proved otir theorem. 





r 
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RELATIONS BETWEEN THE COHOMOLOGY GROUPS OF DOLBEAULT 
AND TOPOLOGICAL INVARIANTS* 


By ALFRED FROLICHER 
INSTITUTE FOR ADVANCED STUDY 
Communicated by O. Veblen, June 3, 1955 


For complex-analytic manifolds there are the invariants of the complex structure 
on one side and the topological invariants of the underlying manifold on the other. 
It seems that few relations between them are known, except in the special case 
of Kahler manifolds. 

In this note a spectral sequence is defined which relates the cohomology groups 
of Dolbeault as invariants of the complex structure to the groups of de Rham as 
topological invariants (Theorem 3). Two applications are given: the Euler char- 
acteristic of the manifold is expressed by means of the dimensions of the Dolbeault 
groups (Theorem 1); for the Betti numbers, corresponding inequalities are obtained 
(Theorem 2). 

1. Let M be a complex-analytic manifold, m its complex dimension. { shall 
denote the sheaf of germs of holomorphic differential forms of degree g, H?(M, 2) 
the pth cohomology group with coefficients in this sheaf.! 

THEOREM 1. Between the Euler characteristic x of M and the dimensions by, , 
of the Dolbeault cohomology groups H?(M, Q2) there holds the equality 


m 


x= DL (-1)+%,.. (1) 


p,q =0 
THroreM 2. For the Betti number b, of M the following inequality holds: 
be, ch (r = 0, 1,2,..., 2m). (2) 
p+q=r 
Remark: Using a result of Serre,’ which states that b, , = bm—p, m—g, one can 
reduce the number of terms in equality (1) and inequality (2). Hence m odd im- 
plies x even (it is known that x is even for any manifold of real dimension 4k — 2). 
2. Before stating Theorem 3 and giving the outlines of the proofs, it will be 
useful to state some general facts on spectral sequences. All notations used here 
are from the appendix of the work cited in note 3. Proofs can be found there* or 
in the original paper. The spectral sequence is a sequence of groups and homo- 
morphisms which can be associated to any K-module 7 (K denotes a principal 
ring) which has a decreasing filtration {?7'} (i.e., a sequence of submodules ?7 
with ?+!7' ¢ ?7), a differential operator d (i.e., an endomorphism of 7 with d? = 
(0), and a gradation 7 = @ T” (@ denotes weak direct sum), satisfying the follow- 


ing conditions of compatibility: d(7") ¢ T"+';d?@T) ¢ ?T;?T = @ ?T nT”). 
We put 277" = ?T' n 7". Let Z ¢ T be the kernel of the endomorphism d, B the 
image d(T) ¢ T, and H =-Z/B. he gradation and filtration of T induce grada- 
tions and filtrations of Z; B, and H in an evident way. So we have, e.g., ?Z” = 
Zn°T"; ?B" = Bn °T"; °H" = °Z"/?B". One defines ”7'," to be the submodule 
of 7’, consisting of all elements ¢ of ?7”, for which dt €?*’T7, i.e., 
T,” = {t|t e?T*; dt eT}. 
641 
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Analogous: 
°B.” = {tlt eT"; t = ds;se?~T}. 
The modules of the spectral sequence are, by definition, 
p T?ta D7p +4 


EB” - fe E a 
“fr 7 + , 4@ beng c . 
ela es 4+ eRert P+17P +a ao P Rp +a 


We make use of the following general properties of the spectral sequence: 
a) The differential operator d induces homomorphisms d,: 


d, d, 


P—T, @+r—1 7.4 ’p+rq—r+l 
> KE —> bP ls kh, >... 


such that (d,)? = 0 and the groups /£?:4 are isomorphic to the “cohomology 
groups” of the above sequence; i.e., denoting by K?“ ¢ E? * the d,-kernel, we 
have 


p,q 

BP 4 & kK, 
4r mon cians ae . 
a(gt* #+"—2) 


(3) 


b) ER ¢ & PHP totes, 


c) If *T = O and °T = T (ie., filtration bounded above by s and below by 0), 
then we have FE? = E®:* for r 2 N, where N = max (s — p, p+ 1). 

3. For the investigation of complex manifolds, now let 7 be the C-module (C= 
field of complex numbers) of all complex-valued differential forms on M (assume 
always of class C~). The endomorphism d is the exterior derivation of differential 
forms; the gradation is given by the ordinary degree of differential forms. The 
filtration is obtained as follows: It is well known that each differential form ¢ 
has a unique decomposition ¢ = > ¢,. where ¢, , is “of type (r, s),” ie, gs = 
en eee gl dz)... dz2®*, the 2” being any local complex co-ordinates. 
Define 77’ to consist of those forms ¢g for which in the above decomposition ¢, , = 0 
for r < p (“degree in the dz” > p). The compatibility conditions are satisfied; 
hence the spectral sequence is defined. Further, the filtration is obviously bounded 
above by m and below by 0; hence property ¢c holds with s = m. 

4. Consider now the terms F{: “ of the spectral sequence: 


pypptra 
Pg Geng es ip DRO 
’ p+iTe ta “}- eBete 
The elements of ?7?+* are the forms which can be written as = ee 
Ypst,g-1t..., Withdg «?*!77*, This implies that Og, , = 0, where 0 comes 


from the well-known decomposition of d: d = 0 +.0, 0 raising the degree in the 
dz’, & the degree in the dz’. Since we calculate modulo ?+!7?+, the other terms 
of g, namely, ¢p+1.¢—1) Yp+2,q~% +++,» are of no importance. But, since we calcu- 
late also modulo ?B2*?, one easily verifies that E?* is isomorphic to the factor 
module of those forms ¢,, , of type (p, q), Whose O¢,, , vanishes, modulo those which 
are the 0-image of some form (of type (p, q — 1), of course). But, by Dolbeault’s 
theorem, this factor space ‘of the d-closed forms of type (p; g) modulo the d-exact 
ones is isomorphic to the Dolbeault cohomology group H*(M, 9). Hence: 
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LemMa lL. E? = H"(M,Q?). 


Of importance are, further, the terms FE 2: ¢ of the spectral sequence, which are, 
as mentioned in property b, isomorphic to ?H?+*/?+'H?+*, The groups 7H” are 
the subgroups of the group H”, induced by the filtration of T. The group H” is 
now by definition just the nth de Rham group, which is filtered as follows: 


H® =°H" 2H" > 2H" > ..."H" > ™+1H" = 0. (4) 


So we have 

LemMa 2. The groups E*:* are isomorphic to the factor groups ?H?**/?+!H? +, 
where the groups iPr ta (j = 0,1,...m + 1) form a filtration of the (p + q)th de 
Rham group. 

One usually calls the direct sum @’H?’**/?+'!H?+ the associated graded C- 


P.q 
module of the filtered graded C-module H, and, further, one denotes @E?? = 


P,@ 
E,and @E?:* = E.. With this, the above lemmas can be put together to form 
P.4q 


THEorREM 3. The Dolbeault groups H?(M, Q) form the term EF, of a spectral se- 
quence, whose term E., is the associated graded C-module of the conveniently filtered 
de Rham groups. The spectral sequence is stationary after a finite number of steps, 
and E, = Ey for N sufficiently large. 

5. ‘Theorem 3 states the general relation between the Dolbeault and the de 
Rham groups. Several corollaries can be obtained. So some considerations 
about the dimensions of the involved groups easily yield Theorems 1 and 2. In 
fact, one first observes that it follows from equation (4) that 

™ i n 


dim H” = >> dim ——. 


i=0 ‘on (4) 


The left-hand side here is just the nth Betti number b,; the right-hand side can be 
written as }>> dim FE”, because of property 6. Thus 
pt+q=n 


> dim E%%. (5) 
p+q=n 
Since relation (3) implies that dim E?.4 < dim E?’* and because E?}* = E%*% for 
N sufficiently large, we have 


b= > dimE%* < DY dim FE¥!2, <... < d dim E?% 


p+q=n p+q=n en 


This proves Theorem 2, as Lemma | shows. 


2m 


The Euler characteristic x is defined as y = >> (—1)’ b,. Thus, by equation 


r=0 
(5), 
= }> (-1)?+" dim E%4. 
p,q=0 


But, using the fact that Z?{¥ is isomorphic to the “cohomology groups” of E?'* 
by the differential operator d,, which raises the ‘total degree” p + q by one (see 
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property a), one easily verifies that }> (—1)?+¢ dim E?,4 = }> (—1)?+¢ dim E?’¢ 
P,@ P,q 
and hence Theorem | follows. 

6. Finally, one may remark that for the investigation of complex manifolds 
not only the Dolbeault groups as the term F, of the spectral sequence may be of 
interest, but also the other terms. The meaning of the terms 23’ * is very obvious. 
The differential operator 0 induces homomorphisms of the factor groups 


ty|d¢g = Of 
Lele =O vj, 
hence of the Dolbeault groups: 
° re) re) re) 
.. > AM, Q?-) > HM, 2?) > H(M,2?+H)>.... (6) 


One has 0? = 0. The deviation from exactness of this sequence is measured by the 
groups FE,” * which are the factor groups of the kernels modulo the images of this 
sequence. This means, in other words, that 


1D, @ my - igof type (p, q)|%¢ = 0; 0g = a} 
~~ tS of type (p, g | ¢ = 0 + OB; dw = O}. 


The other terms of the spectral sequence can be interpreted analogously. 

In the Kahler case, the homorphisms 0 in formula (6) are all zero. Only the 
Dolbeault groups are of interest then, since we have E?'* => E?7>...2 kh? 
and hence one has the well-known result 

H"=~> @ A(M,%®, 


pt+q=n 





including relations (1) and (2). 


* Grateful acknowledgment is made to the American-Swiss Foundation for Scientific Exchange, 
Inc., for their support. 

1P. Dolbeault, “Sur la cohomologie des variétés analytiques complexes,’’ Compt. rend. Acad. 
sci. (Paris), 236, 175-177, 1953. 

2 J.-P. Serre, ‘Un Théoréme de dualité,’”’ Com. Math. Helv., 29, 9-26, 1955. 

3 Séminaire de topologie algébrique de U'Ecole normale superieure, 1950-1951, exposés par H. 
Cartan et J.-P. Serre. The edition by the Massachusetts Institute of Technology has an appendix 
on spectral sequences. 

4 J. Leray, ‘“L’Anneau spectral et l’anneau filtré d’homologie,” J. Math. Pure. Appl., 29, 1-139, 
1950. 











THE INTEGRAL OF THE ASSOCIATED LEGENDRE FUNCTION* 
By Donan W. Jepsen, EuGeENE F. Hauau, ano JosepaH O. HirrscHFELDER 
UNIVERSITY OF WISCONSIN NAVAL RESEARCH LABORATORY 
Communicated June 21, 1955 


In theoretical physics it is often necessary to expand functions, p(r, 0, @), in terms 
of the surface spherical harmonics, P’(cos @) exp (im@). If the function to be ex- 


panded is independent of the angle @, the evaluation of the expansion coefficients 
requires a knowledge of the set of integrals 


1 
R* = { P™ (u) du (1) 
—1 


for zero or positive integer values of m and n, with n > m. Here the P?(u) are 

the associated Legendre functions of the first kind:! 
re m/2 qutn 

Pr(u) 7 _- 7 m+n (u? Ae 1)”. (2) 
2”"n! du 

The expansion of exp (¢m@) in spherical harmonics is typical of the problems re- 

quiring a knowledge of the R?: 


-_ 


. = Qn + 1\ (n — |ml)! 4g 
e= bb —— R'"'P'™! (cos a)e™*. (3) 
2 (n + |m|)! 

|m|): 

The integrals R” can easily be obtained by integrating termwise the polynomial 
form for the associated Legendre functions (see eq. [16]). However, the answers 
obtained in this manner are in the form of an awkward summation. We have 
obtained, in a different manner, the following set of comparatively simple results 
which to the best of our knowledge are not listed in the standard references. 


n=;\;m 


2m [(n/2)!]? (n + m)! ; 

R™ = aS BL! fal SES hei ihe Cea os eae "en, ren), (4 

tn n [(n — m)/2]! [(n + m)/2]! (n + 1)! oe ae 
mr (n + m)!(n + 1)! 

m= -— . warner Te CL Id), (5 

Rr n27"*1 fin + 1)/2]!2 [(n — m)/2]! [(n + m)/2]! Oe ee Ie 


Rr =0 (m + n odd). (6) 
Equation (6) follows directly from the fact that the integrand is an odd function. 
The other expressions can be derived from the recursion relation,” 
P* (ps) = Am — 1) S £ P™—" (np) — (n — m + 2) (n + m — 1)P™=? (uv). 
V1— [Ti 
(7) 


From the definition of the associated Legendre functions, equation (2), and integra- 
tion by parts, it follows that 


1 171 
w m—1 m 
ee ey a ke f P™ (u) dy. (8) 
J 1V1 — 2? m J _; 


645 
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Thus, integrating both sides of equation (7) and simplifying, 
m 
ih Pw (u) du = "4 ti — m+ 2) (n+ m — Df. P™~* (yu) du. (9) 
m — 2) 


Equation (9) then provides a recursion formula for the Ri". If m and n are even, 


R™ = —__m|[(n/2)!}? ( n+ m)'!R? (10 
"  2n{(n — m)/2]! [Cm + m)/2}1 (n + 1)! 


And if both m and n are odd, 
a 2m(m + n)! {[(m + 1)/2]!}? Ry 
"(n+ 1) (n +:1)! [(n — m)/2]! [(n + m)/ 2\ 


The value of R? is found by substituting the definitional relation, equation (2), in 
equation (1) and integration by parts twice, to obtain 


rl 1 qd” i . 1 1 q®-!. e 1 
R;, aaa gn—lnt ic du n (u? aS 1) ie =< | n—1 “(2 — 1) a. (12) 


These two terms are related to the values of the Legendre functions for» = +1. 
The first term is equal to 4, and the second term is zero for all even values of n. 
Thus R? = 4, and equation (4) follows from equation (10). 
The following expression for R/ was obtained by MacRoberts:* 

mn+1) [n+ 1!) 


1 Cae ee Bee. 
a. “nent? {m+ 1 )/2h* (13) 





(11) 








Substituting this relation into equation (11) leads to equation (5). 

It is interesting to compare the expressions for R7 given by equations (4), (5). 
and (6) with those obtained by a direct integration of the associated Legendre func- 
tions. If n+ mis even, equation (2) can be rewritten in the form 

(n—m)/2 (2n = 2/)! Poco 


1 
P™u) = — (1 — w)"” ~1)! ——__* —-~ 14 
n(u 3 ( ¥) 2 ae (n — m — 21) Un — I)! ai 





Now, making use of the beta function relation, 


f (1 — p2)™/2y"—m-20 qu = B ("5 — 21+ pA om m + ” 


‘ y) 


_Tia- —m — 2+ 1)/ 2) T[(m + 2)/2) 


15 
Tin — 21 + 3/2] wr) 
Direct substitution of equation (15) into the integral of equation (14) gives 
| (n—m)/2 it on — 9] iT ime Mb; 2 | ) r >) /2 
_ = a 1)'@n — 20! ‘[(n_- ” a )2 2/ il (m a 2) | (16) 
T gon (n — m — 21) n — |! T(n- ont Bh 3)/2] 


Equation (16) is somewhat more complicated than equations (4) and (5), since it 
involves the summation over /. 


The authors wish to acknowledge the help of Elizabeth S. Hirschfelder and 8. 
Ashby Foote in checking the derivations. 
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* This work was carried out at the University of Wisconsin Naval Research Laboratory under 
Contract No. AT(11-1)-298 with the United States Atomic Energy Commission. 

‘Some authors, including MacRoberts, Magnus, and Oberhettinger, define Ferrers’ associated 
Legendre function of the first kind as (1)” times the definition given in eq. (2). Our definition, 
however, agrees with Jahnke and Emde and with Whittaker and Watson. 

2H. Margenau and G. M. Murphy, Mathematics of Physics and Chemistry (New York: D. 
Van Nostrand Co., 1943), p. 103, eq. (3-45). 

* A. Erdelyi, “Higher Transcendental Functions’? (Bateman Manuscript Project) (McGraw- 
Hill, 1953) 1, 172, eq. (27). See also T. M. MacRoberts, Quart. J. Math. (Oxford ser.), 11, 95 
and 96, 1940; T. M. MacRoberts, Spherical Harmonics (New York: Dover Publications, Inc., 
1947), p. 367, ex. 86(i1), together with p. 143, ex. 10, and p. 125, eq. (14). 


SIMPLE SUBVARIETIES OF ANALYTIC VARIETIES* 
By PrerrReE SAMUEL 
HARVARD UNIVERSITY AND UNIVERSITY OF CLERMONT-FERRAND 
Communicated by Oscar Zariski, June 2, 1955 


1. Introductim.—Let k be a field. We make the simplifying assumption that 
its characteristic p is not 0. To every prime ideal p in the power series ring A = 
k[[X, . . . , X,]] we associate an object V(p) called an analytic variety over k.! 
The dimension of the local ring A/p is called the dimension of V(p).2. If p ¢ p’, 
we say that V(p’) is a subvariety of V(p). A subvariety V(p’) of an analytic variety 
V(p) is called simple if its local ring (A/p) qj») = Ay/pAy is regular.2 We intend 
to show that Zariski’s generalized Jacobian criterion for simple subvarieties of 
algebraic varieties may be extended to analytic varieties. The proof closely follows 
the proof of Zariski’s criterion given in a recent book of ours.* 

2. Notions about Derivations and Differentials —Let A be any commutative ring 
(not necessarily with unit). One usually considers derivations of A with values 
in some overring of A. It is convenient to have here the more general notion of a 
derivation of A taking its values in an A-module M: such a derivation is an additive 

epping of A into M such that D(ab) = a: Db + 6+ Da. If f is a homomorphism 
of M into another A-module V7’, then f o D is also a derivation of A. 

One can construct an A-module D(A) and a derivation d: A — D(A) which are 
universal for the derivations of A, in the sense that, given any derivation D:A > M, 
there exists a homomorphism f{:D(4) —~ M such that D = fod. In fact, one asso- 
ciates, with every element x of A, a symbol m,, one constructs the free module 
F(A) = > A+ m,, and D(A) is then the factor module of F(A) by the submodule 

eA 
generated by all the elements m,,, — m, — m, and m,, — x+*m, — y*m,. If we 
denote by dx the class of m, in D(A), then d is a derivation of A, which obviously 
enjoys the universal mapping property. We say that D(A) is the module of dif- 
ferentials of A. 

More generally, given another ring B and a homomorphism h: A —~ B, every B- 
module M is also an A-module, and we can consider derivations of A into B-modules 
(here we have D(aa’) = h(a)Da’ + h(a’)Da). There still exists a universal B-module 
D(B, A) for these derivations: the factor module of the free module F(B, A) = 
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>> B+ m, by the submodule R(B, A) generated by all the elements m,,j — m, — 
cA 


My, Mz, — h(x) + m, — h(y) + m,. We still denote by dz (or dg, 42, or d4x to avoid 
confusion) the class of m, in D(B, A). The B-module D(B, A) is isomorphic to 
the tensor product B@4D(A) (the structure of A-module of B being defined by h). 
We have D(A) = D(A, A). 

If we have four rings A, A’, B, B’ with commuting homomorphisms 


h 
A—B 


u v, 
h’ 


Ay’ 
the mapping Y bis Ma,—> >» v(b;) * Muay (a; € A, b; € B) of F(B, A) into F(B’, A’) 


v 1 
carries R(B, A) into R(B’, A’). We thus have a mapping D(B, A) > D(B’, A’), 
which is a homomorphism for their structures of B-modules (the structure of B- 
module of D(B’, A’) being defined by v). In particular, a homomorphism of A into 
A’ defines a homomorphism of D(A) into D(A’). 

Let p be an ideal in A. From the homomorphisms p > A — A /p > 0, we deduce 
homomorphisms D(A /p, p) > D(A/p, A) = D(A/p, A/p) > O (notice that p 
operates trivially on A /p). 

LemMAl. The preceding sequence is exact. 

Actually, the only point which is not absolutely obvious is the fact that every 
element w of the kernel of ¢ is in the image of s. Since t(w) = 0, we see, by “‘lifting”’ 
w in the free module F(A /p, A), that w is a linear combination of elements like 
da-da'-da"”, where a =a’ + a” (p), or da-a’da"-a"da’, where a = a’a” (p); as all such 
elements are of the form dz with z in p, w is in the image of s. QED. 

Simple examples—e.g., the existence of a nontrivial derivation of 2Z into Z/(2)— 
show that s need not be a monomorphism. In other words, D is a right exact functor 
(in its second variable), but it is not left exact. It could be interesting to study its 
satellites. 

If, instead of rings, we consider algebras over a fixed ring k, the consideration of 
the derivations which are k-linear leads, in a similar way, to the definition of rela- 
tive differential modules D,(B, A). Analogous property of right exactness. 

3. Statement of the Theorem and Reduction to a Lemma.—Every derivation of 
A = k[[X, ..., X,]] is trivial on A? = k?[[X7’,..., X,?]]. If (z;) denotes a p- 
basis of k (the finite products II z;"", where 0 < n(j) < p — 1, forming a linear 


basis of k over k?), then A is a “topologically” free module over A”, with the finite 
products I X"2;" (0 < n(i), n(j) < p — 1) as basic elements.* It follows that 


tJ 

every derivation of A (with values in any A-module) is a linear combination of 
the derivations D,, D,’ defined by D(X) = 6), Di(z;) = 0, D;'(X,) = 0, D,'(z;) = 
5); (consequently, every such derivation is continuous for the local ring topology of 
A, a circumstance which does not happen in characteristic 0). In other words, 
D(A, A) is a “topologically” free A-module, freely generated by the elements dX;, 
dz;.* 

Consider now two prime ideals p, q of -A such that q ¢ p; denote by d and e the 
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dimensions of V(p) and V(q), and by 2; the p-residue of X;. Let (F,) be any basis 
of q. 

THeoreM. The following assertions are equivalent: 

1. V(p) tsa simple subvariety of V(q). 

2. The Jacobian matrix ((DjF.) (x), (D;'F.) (x)) has rank n — e. 

If the complete local ring k{ |x|] = A/» is separable over k,* then assertion | is equiva- 
lent to 

3. The matrix ((D,F,) (x)) has rank n — e. 

By definition, relation 1 means that A,/qAy, is a regular local ring (of dimension 
e —d). Since Ay is a regular local ring of dimension n — d,® this means that qA, 
is generated by n — e elements of some regular system of parameters of A,.? If 
we set R = Ay, m = pAy, this is equivalent to saying that, in the (n — d)-dimen- 
sional vector space m/m? over R/m, the subspace (Rq + m?*)/m? generated by the 
classes of the F,’s has dimension n — e. (Notice that this subspace has, at any 
rate, a dimension <n — e, since R/Rq has dimension e — d.) 

Now let (uw, ..., Un—a) be a regular system of parameters of R. Any derivation 
D of m into R/m is obviously trivial on m? and is uniquely determined by the 
knowledge of the values D(u;) (which may be arbitrarily selected in R/m): if x = 
> au; em, then Dr = ¥> a,Du; (4; = m-residue of a;). Thus D(R/m, m) is an 


i 

(n — d)-dimensional vector space over R/m, generated by the elements dy,v;. 

The formula dy(>> aju;) = >> didmu; shows that D(R/m, m) is canonically iso- 
i i 


morphic to m/m?. 
In view of this isomorphism, we have to express the fact that the rank of the sys- 


tem of vectors os )in D(R/m, m) is n — e. We have a homomorphism 
¢g: D(R/m, m) D(R/m, R). Since D(A, A) is freely generated by the elements 
aX, dz;, D(A/p, A) and D(R/m, A) are also freely generated by these elements. 


Writing any alah u of R = Ay, under the form u = a/b (a, be A, bep), the 
formula du = (b + da — a+ db)/b? makes sense in D(R/m, R), since b? ¢p, and shows 
that D(R/m, R) is freely generated by the elements dX;, dz;. Consequently, the 
image o(d,/’4) is ey (DiF.)(x) dX; + d (D;'F)(x) dz;, and the equivalence of 


assertions 1 and 2 will be proved if we shine that ¢ is a monomorphism. This is 
obviously equivalent to the following lemma: 

LemMa 2. LKvery derivation of m with values in R/m may be extended to R. 

Similarly, the equivalence of assertions | and 2 is reduced, by considering the 
relative differential modules D,, to the following lemma: 

LemMa 3. Jf A/p = k[[x]] ts separable over k, then every k-derivation of m into 
R/m may be extended to R. 

4. Proof of the Lemmas.——It is sufficient to extend to R the derivations A; of m 
defined by A,(u;) = 6;;. By Cohen’s theorem,’ the completion R is a power series 
ring K[[w, ..., U,—qg]] over some representative field K (isomorphic to R/m), and 
the derivation G(w,..., Un—a) > (OG/Ou;) (O,..., 0) extends A, to R. QED. 

The fact that the representative field AK cannot always be chosen so as to con- 
tain k shows why the derivations D,’ of k over k” have to appear in the general case. 
However, if A/p = k[[x]] is separable over k, then a result of Nagata’s® shows the 
existence of a system of parameters (y/;,... , Ya) in A/p such that k((x)) is separably 
algebraic over /((y)). Then representatives Vy, ... , Y, of m1, ...,Yqin A are ana- 
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lytically independent over k, and R = A, contains K’ = k((¥.,..., Yq)) as asub- 
field. Since R/m = R/Rm is separably algebraic over the image of K’, Hensel’s 
lemma proves that there exists in 2 a representative field K containing K’ and 
therefore also k.° This proves Lemma 3. An analogous method may be used 
in characteristic 0. 

5. Other Proof in Case [k:k?] Is Finite-——For proving that the mapping ¢: 
D(R/m, m) > D(R/m, R) is a monomorphism, we consider the exact sequence 
(sec. 2, Lemma 1): (S) D(R/m, m) —>» D(R/m, R) > D(R/m, R/m) > 0. If 
we set [k:k?] = p*, we have [k((X)) :k?((X?))] = p"*?, [k((x)) :k?((x?))] = p*t8,!! 
and the dimensions of D(R/m, R) and D(R/m, R/m) aren + sandd-+ s. Since 
the dimension of D(?/m, m) has been proved to be equal ton — d = (n + 8) — 
(d + s) (ef. sec. 3), the exactness of (S) shows that ¢ is a monomorphism. <A 
similar proof, using the modules D,, gives the equivalence of assertions 1 and 3 
in the separable case. 


* This work was supported by a research project at Harvard University, sponsored by the 
Office of Ordnance Research, United States Army, under contract No. DA-19-020-ORD-3100. 

1C. Chevalley, “Intersections of Algebraic and Algebroid Varieties,” Trans. Am. Math. 
Soc., 57, 1-85, 1945. Chevalley restricts himself to the case where k is algebraically closed. 

2 For the general notions about local rings see P. Samuel, Algébre locale (‘““Mem. Sci. Math.,”’ 
No. 123 [Paris, 1953]). 

3P. Samuel, “Méthodes d’algébre abstraite en géométrie algébrique,’”’ Ergeb. Math., N.F., 
Heft 4, 1955. See chap. ii, sec. 4. 

‘If [k:k? | is infinite, the module D(A, A) must be considered as a subset of the infinite product 
E = Il Adz; X II Adz;. Then the infinite sum notation >, adX; + > b,dz; for an element 

i r) 7 j 
of D(A, A) is justified if one considers E as a topological module, either with the topology de- 
fined by the submodules "+ E (where ¥ denotes the ideal of A generated by Xi,..., X,) or with 
the product topology of discrete topologies. Similarly for D(A/m, A). For D(R/M, A) and 
D(R/M, PR) one can only use the product topology of discrete topologies. 

5 According to Nagata (“Note on Complete Local Integrity Domains,’ Mem. Coll. Sci. Univ. 
Kyoto, ser. A, No. 3, pp. 271-278, 1953), this means that the completed tensor product k[[z]]@.h” 
is an integral domain. This implies that the field k((x)) is separable over k and is equivalent to 
that property if [k:k?] is finite. 

6 Samuel, Algébre locale, Prop. 1, p. 52. 

7 Thid., p. 29. 

8 [bid., Theoréme 2, p. 48. 

® Nagata, op. cit., Theorem 3. 

1 Proof as in Samuel, Algébre locale, corollary, p. 45. 

11 Proof as in Samuel, ‘“Méthodes d’algébre abstraite en géométrie algébrique,’’ chap. ii, sec. 4, 
No. 2, Lemme |. 






















ON THE PROPERTIES OF CERTAIN TRINOMIAL EQUATIONS IN A 
FINITE FIELD 
By H. 8. VANDIVER* 
DEPARTMENT OF MATHEMATICS AND ASTRONOMY, UNIVERSITY OF TEXAS 
Communicated June 18, 1955 


In a recent paper! Mrs. E. H. Pearson and the writer considered certain types 
of trinomial congruences, and in later papers the writer? * developed this topic 
further and pointed out? a relation of such questions to Case II of Fermat’s Last 
Theorem. In the present paper we shall continue this investigation. 

Let p be an odd prime and F'[p"] denote a finite field of order p”, and consider 
the solutions s, ¢ of 


ina + yr Be: 1, (1) 
where g is a multiplicative generator of the nonzero elements of F[p"]; 7 is a fixed 
integer in the set 0, 1,...,¢ — 1;7 is a fixed integer in the set 0, 1,...,m — 1; 
p”" — 1=0 (mod m), p” — | =0 (mod ec); s is in the range 0, 1,..., m — 1; and 
tis the range 0,1,...,¢— 1. Let the number of sets of solutions s, ¢ of the above 


type be (2, J)em. Then (noting relation [2] of the present paper) the maximum 
value for (7, 7)¢mismifec > m. We now define the particular types of equations we 
mainly treated in our previous papers. If there exists a j for a fixed 7 such that 
(2, Jem = m, with em = p” — 1, we shall call this “Case A” of equation (1), and if 
7 is fixed and (7, j)em = 1 for each j in the set 0, 1, ..., m — 1, we shall call this 
“Case B” of equation (1). 

In our previous paper* we obtained some relations involving the (7, 7)’s which 
follow from the assumptions of Case A; but in all of them we assume that c = 0 
(mod m) in the relation p" — 1 = em. We shall now consider the case where c 
is prime to m._ The relations obtained here will be somewhat different from those 
obtained in our previous paper. We shall again need the two following relations. 

Now consider relation (1) with the number m an integer >2. We note that 

m—1 { <2 53 
L Gta = 9 dealieeen (2) 


Also, we shall set (7, 7)-. = (7,7). We then have‘ 


c-l1 c—1 
> (b, 2).(b — a,i — d), + A, = > (d, i).(d — a,i — b), + Az, (3) 
i=0 i=0 


where A; = 0 except for a = b = 0 (mod c) when it is m, and Az = 0 except when 
a= 0,d=0 (mod c) when A, = m. 
Set p" — 1 = v. Assume b # 0 (mod v), d # 0 (mod v). Then equation (3) 


becomes, since A; = A» = 0 because of the restrictions just mentioned, 
v—1 v-l 
> (b, 7)(b — a,i —d), = > (a, i),(d — a,i — b),. (4) 
i=0 i=0 


Now assume that the relations d = 0 (mod m) and a= 0 (mod c) do not both hold, 
and then set a = a, + ¢,..., a, + (m — 1)e, in turn, throughout and add; then, 
using the following (relation [13], p. 1283 of Paper T), 

651 








652 MATHEMATICS: H. 8. VANDIVER Proc. N. ALS. 


m—l1 


>> (k — a, + sm,i — d), = (k — m, 1 — d)e, (5) 


s=0 


for any k, we find 


v—l v—l 
> (b, 1),(b — a, i — de = Ys (d, 2),(d — ay, t — Dd) oy. (6) 
7=0 i=0 
Set bd = bb, + ¢,..., b, + (m — 1)c in turn and add; we have, if b; # 0 (mod ce), 
using equation (5), 
v—-1 v—1 
> (bi, t)co(bi — 1, t — de = > (d, i),(d — a, i — bide. (7) 
i=0 i=0 
Substitute 7 = 7,7 + ¢,...,j + (m — lc on the right, and carry out the summa- 
tion for each j in the set 0, 1,...,¢ — 1. We find, again using equation (5), 
v—1 e—1 
z: (br, @) eo by — a, t— d) cp KZ > (d, Dred — qd, J a Die. (8) 
i=0 jJ=0 


If d; 0 (mod m), then set, in turn, d = d;, d; + m,...,d; + (e — 1)m and add; 
we have, in view of the assumptions stated just below equation (4), 


v-—l1 e-1 
p> (bi, t) eo( bi — 4,1 — diem = =; (di, J) ve( mo a, 7 — Ddi)e. (9) 
+=0 og 
Set, on the left, 7 = 7,, 7, + m,...,% + (e — 1)m, and collect terms for each 7; 
in the set 0,1,..., m — 1; we find 
THEOREM I. We have, if p" — 1 = cm, p an odd prime, (c,m) = 1, 
m—1 c-1 
p a (b, t)em(b — a, t — d)em = Ze (d, J)r(d — a,j — b),, (10) 
i=0 res 
where d ranges over d,d + m,...,d+ (e — 1)m and where b is any inieger such 


that b ¥ 0 (mod c), and where a and d are any integers such that we do not have both of 
the relations d = 0 (mod m) and a= 0 (mod c) holding. 

We shall now consider the applications of equation (10) to the Case A of equation 
(1) referred to earlier. Assume that (b, h) = m, with (6,7) = 0,7 # h. The left- 
hand member of equation (10) reduces, if we assume a = 0, to 


m—1} 

> (b, R)em(b, h — d)em- 

h=0 
For d # 0 (mod m) the second factor in each term is zero; thus the entire left-hand 
member of equation (10) is zero. Hence each term in the right-hand member of 
equation (10) is zero or 


(d, 2),-(d, 1 — b). = 0, (11) 


where d is any integer d (mod m) in the range 0, 1,...,v — 1, with b ¥ 0 (mod ¢), 
d # 0 (mod m). 

We may then state 

THeoreEM II. Let p be an odd prime and p" = 1 + em, (ce, m) = 1. Designate 
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by (2, 7)em the number of sets of solutions s,t (0 < s<m,0 <t< ce) of the equation 
” set a oo an 1, 


with (0, Je = (t, Dice (i and j fixed). Also, g is a multiplicative generator of the cyclic 
group formed by the nonzero elements of the finite field F\p"| of order p". If there 
is some h such that (b, h)em = m, then equation (11) holds. 

* This work was supported by National Science Foundation Grant G1397. The author is very 
much indebted to Anne Breese Barnes for her assistance in preparing the material herein for pub- 
lication. 
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REDISTRIBUTION OF CLASSICAL AND QUANTUM DENSITIES 
By G. Breir aANnp P. B. Darrcn 
YALE UNIVERSITY* 
Communicated June 11, 1955 


In many problems the Jeffries-Wentzel-Kramers-Brillouin (JWKB) method 
forms a convenient bridge between quantum mechanical and classical treatments. 
The method is often employed as a means of obtaining an approximation to the 
wave function and is then primarily of use in studying the region where the wave 
function is sufficiently well approximated by the JWKB formula. A different type 
of application is found in estimating correction terms to the quantum numbers 
of the Bohr-Sommerfeld theory, resulting in the employment of half-integral quan- 
tum numbers in some cases. The goodness of the approximation through the whole 
region is not essential in the application just quoted. The present note is con- 
cerned with a somewhat similar property, in that the validity of the JWKB ap- 
proximation throughout the whole region for which conclusions are drawn is not 
essential. 

The relation in its simplest form states that, if particles impinge from right to 
left on a completely reflecting one-dimensional potential barrier, the integral of the 
quantum mechanical density taken from the barrier interior to one of the nodes of 
the wave function on the right of the barrier is equal to the integral of the classical 
particle density from the classical turning point to the same node of the wave func- 
tion, provided that the JWKB approximation applies at the node. A similar 
statement can be made about radial wave functions of three-dimensional problems. 
However, in this case the quantum mechanical angular momentum Lh is replaced 
in the classical comparison problem by [L(L + 1)]'7A, and the integration in the 
barrier interior is made from r = 0 as the lower limit. 
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This relation is responsible to a considerable degree for the rather high accuracy 
in the representation of Coulomb Excitation! by the semiclassical treatment? which 
pictures the approach of the particle by classical dynamics employing quantum 
mechanics for the remainder of the process. 

The proof will be presented for the case of radial motion of two colliding particles. 
The one-dimensional problem mentioned first is covered by this proof almost 
without change. The following notation will be used: 


r = Distance between the particles 

R Classical distance of closest approach 

u(r) = (2Qu/h?)U(r) 

U(r) = Potential energy, including the centrifugal barrier 
V(r) = Potential energy 


II 


v(r) = Classical velocity at distance r 
v. = Classical velocity for r = © 
7 = Energy of relative motion 
F(r) = r times the radial wave function 
k? = (2p/f#)E 
P, = angular momentum in classical theory 


The radial equation is 


?F 
ee + [kt — ul) F = 0. M) 
dr? 


From two such equations, at two energies but with the same u(r) which is assumed 
to be independent of /, there follows the Green’s theorem relation 
fie kein 
bo? — ky? 
At a node of F(r, ki) = 0 the numerator on the right side consists of one term. 
Making ks approach /;, the contribution of this term to the right side approaches 
the product of (OF /Or)* at the node by the sensitivity of the value of r at the node 
to k?. If his decreased, the wave length is shortened, and for the same amplitude 
OF /dr| increases. The sensitivity of the node position to k? can be expected to 
decrease because /? is larger for smaller values of h. A simple consideration shows 
that in the limit k; = k. the product just mentioned is independent of 4, provided 
that the JWKB approximation is used for the representation of F. Since the 
JWKB approximation is the geometrical optics approximation to the wave func- 
tion, it is seen that in the limit of h = 0 the integral on the left side of equation (2) 
approaches the classical density. The correctness of the theorem thus depends 
only on the disappearance of # from the right side of equation (2) at the node of 
F. Since the wave length is proportional to #, the value of OF /dr at the node must 
be proportional to 1/h; Or,/0(k?), the sensitivity of the node position to k?, is, on 
the other hand, proportional to 4?; the product of the two factors on the right side 
is therefore independent of h, and the agreement of classical and quantum calcula- 
tions follows. 
The reasoning cannot be applied to the JWKB approximation itself because the 
differential equation satisfied by this approximation contains k? not only in the 














a ean 
7) 


ee 











Vou. 41, 1955 PHYSICS: BREIT AND DAILTCH 655 


additive form as in equation (1) but also in the denominator of correction terms to 
the potential energy. There is thus no direct implication regarding the density 
integral of the JWKB approximation. On the other hand, for h ~ 0 the whole 
region to the right of the classical turning point is represented nicely by the JWKB 
approximation, so that the evaluation of the density integral can be made in this 
limit by means of classical mechanics. Also in the limit h ~ 0 the extra terms in the 
differential equation satisfied by the JWKB approximation are negligible. 

Even though the proof has been seen not to require explicit calculation but to 
depend only on general properties of the JWIKKB approximation, it appears desir- 
able to consider the quantities more explicitly. The equation expressing the fact 
that r = r, isa node of F(r, k;) is 


F(r, (ki), ky) ae 0, (3) 


where the functional dependence of r, on i is explicitly considered. It follows 
from equation (3) that to within the first order of small quantities 


oF ‘ 
Fi(r,(k1), ke) = [r,(ki) — ralke)] ( ) : (3.1) 
or/, 


where the subscript n on the right indicates that r = r,(k) is used. The validity 
of equation (3.1) is seen by noting that (3) holds also if k; is changed in it to ke. 
The value of r in equation (3.1) is meant to be r,(ki). From equations (2) and 


(3.1) it follows that 
dr OF\ * 
r 4 lr, dea eS a s (3.2) 
ie d(k?) Ga 


The JWKB approximation is 


k'” si 
Pigs Ta (4) 
[k? — u(r)]” 
¢ = Selk? — u(r) |“ ar + 6 (4.1) 
which is used here without restriction on the value of € but with the assumption 
re) 
~ = 0, (4.2) 
ok 


The normalization of the JWKB approximation is such as to make the approximate 
F asymptotic to a sine function of unit amplitude at r = © in agreement with the 
normalization of the exact F. The condition for having a node is 


g(r,) = mn. (4.3) 
It follows from equation (4.3) by differentiation with respect to k? that 


or, i? sa thie Ale alana ee 
56) 7 a UO RE — UM ar, (4.4) 


the evaluation of the integral at r = r, being again indicated by the subscript n. 
From relation (4) it follows that 








656 PHYSICS: BREIT AND DAITCH Proc, N. ALS. 


oF 
fe 8 Ne 


The occurrence of f in equations (4.4) and (4.5) is the same as arrived at without 
the calculation of remaining factors and used in the first proof. Substitution in 
equation (3.2) by means of equations (4.4) and (4.5) gives 


(Fre) atl -{)s) 
0 3 n ry R iE ust - 


If at r = r, the JWKB formulas are exact, then the sign of approximate equality 
becomes replaced by an equality sign in formula (5). 
In the classical approximation one has 


FY dr BE ek naif’ Ape ia 
ee 5 ; ws e 1 -— RP dr, (6) 


and the relation is verified. Both proofs involve a convention regarding the corre- 
spondence of values of angular momenta in the two calculations. The necessity 
of this convention may be seen as follows. The relation between the effective 
potential energy U and the ordinary one is 


L(L + 1h? 


Qur? 


9 I/, : ,; 
[OO ee te - ven (4.5) 
h 


-_— 
wt 
— 


U=V+ (7) 
The classical angular momentum p, enters in calculations of radial motion in the 
combination 


V + Pe" 


(7.1) 
2ur? 


Since the identification of the right sides of equations (5) and (6) requires that U 
be the same, it becomes necessary to set 


p,” = LIL + 1)h’, 
or, introducing Z,, a classical theory L, by means of 


9 
Pe 


2 — L.* 
h2 


one has 
L* = L(L 4 1); (7.2) 


The argument as presented applies directly also in the case of one-dimensional 
problems, provided that U(r) is interpreted as the potential energy V(r) and the 
lower limit of integration is changed from r = 0 tox = — © in the quantum case. 

The theorem as stated can be useful in cases in which there is available a region 
of good applicability of the JWKB method which is not too far removed from the 
classical turning point. To obtain such a condition, one needs to have a relatively 
rapid transition from the gently varying part of the barrier at large r to the region 
at the classical turning point FR in the immediate neighborhood of which the JWKB 
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approximation does not hold. The usefulness of the theorem lies in the fact that 
it shows the number of particles to the left of r, to be the same classically and 
quantum mechanically. It shows, therefore, that the quantum mechanical gain in 
numbers of particles to the left of R caused by leakage into the region of negative 
kinetic energy is compensated for by a decrease on the right of the turning point, 
which is the region in which the classical density is highest. 

The agreement between the classical and quantum quantities can be generalized 
to the consideration of 


(Sf F(r, ks)P(r, ke) dn 
for the case of k; # ky. Employing the notation of the phase amplitude method, 


l k 
F = Asin ¢; a = AY (8) 


one has without approximations 


a I Ag A 
f F\F, dr = § (i ~ + ke- ' sin (g2 — ¢1) 
0 lo A, Ao 


I Ag Ai\ . 
+ (1, 1, _ bi’) sin (g2 + ¢1) 


2\ A Ay 


1A LAs 
v's (4. a “| sin yg, sin o[{ae — ky), (9) 
ar tf 


the dg/dr having been eliminated by means of equations (8) and the abbreviated 
notation F(r, k;) = F; being used. If at r the JWKB approximation applies, one 
has 


F (k ke /3 l eye V/ sil i ae ) 
f FF, dr = a x J (n° + ge”) ; ty = 
0 qi “ge ; l2 ke? oe k? 


+ y ky? ee ky? re ie ” - ba ddr ige 


lg”? — go” du sin ¢ sin a (10) 


with 

gi = k? — u(r) (= 1,2) (16.1) 
and the phases gy; being defined as in equation (4.1). For small energy differences 
between the states 1 and 2 and for values of r that are not too large the phase dif- 
ference g. — g; is small, but the presence of k.2 — k,? in the denominator of the 
first term in the braces of equation (10) makes this term finite. In the limit k.? = 
k,? the contribution of this term approaches in this case the expression on the right 
side of equation (6). If the nodes of F; and F, are close to r, the two remaining 
terms in the curly brackets of equation (10) become small in comparison with the 
first. In fact, if both ¢g; and gs are close to mn, then the last term contains an un- 
compensated factor (¢g: — ¢1)?, which is small in virtue of the smallness of gs — ¢. 
The last term contains in addition the factor du/dr, which is usually relatively small 
in the region in which the JWKB approximation is good. The last term is there- 
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fore also small under the assumed conditions. The term before last contains the 
quotient (g:'* — go’’*)/(k2? — ky2), which approaches a finite limit as ki > ke. The 
factor sin (g: + ¢:), however, vanishes in this limit under the assumed condition of 
proximity to a node. If the node is exactly between ¢g; and ge on the scale of ¢, the 
term is zero, and it is of the order g. — ¢, if both F; and F, have their nodes close to 
r. It is thus seen that in the limit of equal energies the first term in the braces 
of equation (10) must reproduce equation (6). For nonvanishing k,? — k,’ this 
term may be expressed by means of the following approximate representation of 
the phase difference: 


k r ky r iy r 
¢g2 — $1 > — i Ve dr — f V1 dr = al (v» oe 1) dr = 
N co 


Vow 
a AE)t 
+ | smi = - ( » - (10:2) 
hJr 2dr/dt hi 


The quantities »; and v. are the velocities which the particle has at r in a classical 
mechanics calculation. The JWKB approximation is assumed in the first step. 
While this assumption implies an approximation, the accuracy of the result is 
somewhat better than that of the JWKB approximation for the wave function. 
The latter becomes poor at the classical turning point, giving an infinite value for 
F. The value of g: — ¢; as obtained from formula (10.2) shows, on the other hand, 
no such anomaly. The change of the position of the turning point with energy is 
neglected, since the velocities »; and v, are both small at the turning point. In the 
next to the last step in equation (10.2) the quantity dr/dt is introduced. It is meant 
to be a mean velocity taken between; and vs. It is seen from equation (10) that in 
the limit k. > k; the second term in braces becomes negligible compared with the first 
not only when ¢; + ¢g is close to an even multiple of « but also when it is close to 
an odd one. In this case g; and g are odd multiples of 7/2. The last term in 
braces frequently becomes small in the region of validity of the JWKB method 
on account of a sufficiently small d(u/k?)/d(kr), and under these conditions there 
are therefore points located approximately halfway between the nodes at which 
the integrals of classical and quantum densities are equal. These points are approxi- 
mately at the nodes of F, provided that the last term in braces is sufficiently small, 
as is the case, for example, in the Coulomb Excitation problem. In terms of the 
approximation of equation (10.2), substitution into equation (10) gives 


r vo . [(AE)t 
See Re ee ee: PA Oe Bau 10.3 
J) Fee. bob dr a sin 7 | (10.3) 


the effect of the last two terms in equation (10) being here neglected. This quan- 
tity is related to a similar quantity occurring in the calculation of an excitation 
process on a semiclassical basis; this may be seen as follows. 

A nucleus in an energy state Ey is being excited to an energy state /, by a particle 
incident with velocity v.. “Particles of fixed angular momentum are considered, 
and the interaction energy between nucleus and particle will be taken to be a 
function only of r and of nuclear co-ordinates. Treating the motion of the incident 
particle classically and the behavior of the nucleus quantum mechanically, the 
probability of the excitation having taken place as a result of a collision is 
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l +" er eae 
P. pas re f H yo(r(t) ee’ dt : (1 1) 
where 
AE = E, — Eo (11.1) 


and H,,,(r(t)) is the value of the matrix element of the interaction energy for the 
value of r corresponding to the time ¢. The integration over internal nuclear co- 
ordinates is supposed to have been performed in obtaining H,,. On the other 
hand, the calculation of the same problem made with neglect of the action of the 
nucleus on the radial functions F(r, k) and to the first order of the interaction energy 
gives the same excitation probability as 





16 


h 2» Vo ‘ 





Pi. = if PyF 2H no(r) ar, 5 (12) 


where the superscripts 7 and f distinguish, respectively, between initial and final 
values of the velocity. The classical probability can be transformed by introducing 








the integral of the exponential factor and integrating by parts, thus giving 
1 “sin [(AE)t/h] 2 
Pa = 2f- HH’ n(r(t)) dr, , big 


where the derivative of H’,,. is taken with respect to r. The quantum expression 
can be similarly transformed introducing the integral in equation M0), giving 


i. Pd F ea IF./d 
iT Pow 1 et ota de bah” = dr (12") 
ar 





jl The integral in the last expression contains a factor multiplying H’.. which is the 
integral of the cross-product density and vanishes at r = 0. If H’,.(r) does not 
| increase too rapidly at r = 0, and if F; and F», are small at r < R, one may approxi- 
mate the factor by means of equation (10.3), making use of equation (2). Neglect- 
ing the difference between v./ and v..' outside the integral in equation (12’), the 
right side of (12’) becomes identical with the right side of (11’). There results thus 
an agreement between the semiclassical and the quantum calculations which is 
appreciably better than that which can be foreseen on the JWKB approximation 
as applied directly to the evaluation of equation (12). The latter ceases being 
valid for values of r somewhat greater than that for the classical turning point R, 
while the use of equation (10) subordinates the importance of the values of F; and 
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a ee es 


F, in this region. 
In the case of Coulomb Excitation through the action of the nuclear quadrupole 
moment the matrix element 
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const. 


H0(r) = 


r3 


a 
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and there enters therefore a factor |/r‘ under the integral in equation (12). While 
the factor varies rapidly in the region of small r, this variation is not sufficient to 
offset the importance of the rapid increase of f” F\F, dr with inereasing r. The 
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relatively large distance of R from r = 0 in comparison with the wave length de- 
creases the importance of variations of r within a wave length. It is thus seen that 
the good agreement of quantum and semiclassical calculations of Coulomb Excita- 
tion can be explained even though the JWKB method is not a good approximation 
in the region which matters most for the calculation of integrals involving 1/r°. 
The redistribution of the classical density makes the indefinite density integral 
entering the quantum calculation oscillate about the integral of the corresponding 
classical quantity. This circumstance is connected with the close equality of quan- 
tum mechanical and semiclassical values for the radial integrals entering the Cou- 
lomb Excitation formulas. 

Although frequent references are made above to Coulomb Excitation, the rela- 
tion can be applied to other phenomena in quantum mechanics as well as in wave 
problems in general. Specializing to the case of equal energies, equation (6) gives 
the transition from wave optics to geometrical optics. The wave equation is then 
written in the form of equation (1), with FE defined as the value of the coefficient 
E — Uatr = o, and equation (6) is used. 

Summary.—It is shown that, if particles impinge from right to left on a 
completely reflecting one-dimensional potential barrier, the integral of the 
quantum mechanical density taken from the barrier interior to one of the nodes 
of the wave function on the right of the barrier is equal to the integral of the classi- 
cal particle density from the classical turning point to the same node of the wave 
function, provided that the JWKB approximation applies at the node. Similarly, 
in the case of radial wave functions the integrals of particle densities computed 
classically and quantum mechanically from the origin of co-ordinates to a node of 
the radial wave function are equal provided that the JWKB approximation applies 
at the node. An extension of the relation to the case of two different quantum 
states is given. The bearing of the theorem on the success of the semiclassical 
treatment of Coulomb Excitation is brought out, and the possibility of applications 
to problems in wave equations of classical physics is pointed out. 

* This research was supported by the United States Air Force, through the Office of Scientific 
Research of the Air Research and Development Command. 
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SOLUTION OF THE BOLTZMANN-HILBERT INTEGRAL EQUATION 
By C. L. PEKERIS 


DEPARTMENT OF APPLIED MATHEMATICS, WEIZMANN INSTITUTE, REHOVOT, ISRAEL 


Communicated June 2, 1956 


1. Introduction.—This investigation deals with the classical problem of deter- 
mining the transport coefficients of viscosity, heat conduction, and diffusion in a 
model gas consisting of rigid spheres. Boltzmann showed! that the solution of this 
problem requires the determination of the velocity distribution function f(c, r, 0) 
in space r and in velocity-space c. This function is controlled by the Boltz- 
mann * 3 integral equation 


of of of = ff 
Yf = a e= ‘ = gee : | 
o di ** dr +F pal (f'fi’ — fh) |g-k |dkde,, (1) 


where F denotes the force acting on the molecules, o the diameter of the molecules, 
k a unit vector in the direction of the line of centers at the time of the encounter, 
and the prime specifies those molecules which, after encounter, are brought into 
the element dc of velocity-space. The search for the solution of this integral equa- 
tion for the purpose of computing the transport coefficients formed the principal 
theme of Boltzmann’s life’s work. These efforts, however, proved fruitless because 
of the mathematical difficulties involved, and Boltzmann did not succeed in evalu- 
ating a single transport coefficient. This is all the more unfortunate, since, as will 
be shown in the sequel, Boltzmann was actually very close to achieving a solution. 

In 1912 the problem was taken up by Hilbert in the last chapter of his book on 
integral equations.? He states that, in contrast to all the previous applications 
of the theory of integral equations which he made in his book, equation (1) is an 
intrinsic integral equation and does not have its origin in a differential equation. 
Hilbert showed that it is possible to carry through the integration over k in equa- 
tion (1), thereby achieving a considerable simplification of this integral equation. 


fP=n (25) ex es C=c-c 
rs Slog “  aee sy 2s 
“m 


f=fdat+e, p= GJ. 


Putting 


where ¢ is small and n denotes the number density, m the molecular mass, 7 the 
temperature, he proves that equation (1) can be transformed into 


ee EE. i I ay = bi? 2 a\ an | ‘ 
Qf? = oer yt e+ = 8 ge R- Rr” dpi ¢, (3) 


where 


I “e Cgaeee™ 
M(p) = 1+ (2p + ) Pw, P(p) = of e~*' de, (4) 
Pp 0 
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4 ; U 
Sy Co eee 6) 
and 6’ denotes the angle between p and py. 

Except for an investigation by Boguslawski‘ of the problem of longitudinal os- 
cillations of a gas, and the treatment of the problem of self-diffusion by Pidduck,* 
no attempt has been made to apply Hilbert’s integral equation (3) to the deter- 
mination of the transport coefficients. The problem was finally solved by Chap- 
man® and Enskog,’ who resorted essentially to variational methods. These meth- 
ods they used effectively also for other gas models. 

2. Method of Solution.—In evaluating the transport coefficients, one finds that 
in each case Of° involves only a single spherical harmonic in p. Thus, as will be 
shown in a subsequent publication, the coefficient of thermal conduction \ is given 
by 


4k lopr ° : 
IN = - - 2kT { oF a(p)p® dp, (6) 
310" \ m 0 


where a(p) is a solution of the integral equation 


2 : te od 
M (p)e a(p)pz + - tf e-™ ‘a(p.)Pal — (=) ela, = (> — >) Dp: (7) 


Similarly, the coefficient of viscosity u for a simple gas is given by 
] 


5 ean 
a= - V/ Imi | e ” b(p)p® dp, (8) 


l5aro? 


b(p) being a solution of 


l ee : 2 ; 
M(p)e~” b(p)prpy + { b(pie** papi E - (;,) | dp, = Pzpy. (9) 
Tv 


Evidently, equation (7) involves only the spherical harmonic of order 1 and equa- 
tion (9) only the spherical harmonic of order 2. Likewise, the evaluation of the 
coefficient of diffusion D involves only the spherical harmonic of order 1. 

We are therefore led to consider the expansion of the kernel [R — (2/R)e*’] into: 
spherical harmonics of the angle 6’ between p and py, the coefficients of the first and 
second harmonic being sufficient for the evaluation of A, D, and y, respectively. 


Putting 
2 : ie I 
| (*.) “| = y: (» + ;] A,(p, 71) P,(cos 0’), (10) 
n 0 Sh a - 


we have to evaluate 


r 2 
A,(p, pi) = | sin 6’ do’) R — e”’ | P,(cos 6’). (11) 
0 R 
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Now 


i 2 | n+1 
J, RP, (cos 0’) sin 6’ da’ = P | (2) =a 
i (2n + 1)L(2n + 3)\p: 
: (2)"] > (12) 
: » Pp ), v4 
(2n — 1)\p a ae 
2p l (ey 
(Qn + 1)L(2n + 3)\p 


(2) ] < ? (13) 
(2n — 1) \p saceniaaie ’ 
Let 


‘ l 2p," sin? 6” : 
H,(p, pi) = i) P,,(cos 6’) sin 6’ ( ) exp (? m = Ja = ef! t,(p, pr); (14) 
0 R k? 


then, since H,,(p, p;) is symmetrical in p and p,, it will be sufficient to evaluate ¢,,(p, 
pi) for the case p,) < p only. This can be accomplished by the following trans- 


formation: 


t,(p, pi) = [ sn 
n P; P1 ne § -1 R aa oa] 


bag < l i - an ‘. 
1 + Ve (pr — 2° — zy 22+ a?) e” dz, (15) 


PP —pr V 2? oa a PP 
where 
5 f 2 l : a? / 
a? = p? — pr’, ae |. Se Rp)? R= (e+ V2?+ a’), 
2 t 
(16) 
| 

z= cos’ = 2—-2-—-V2 =). 
I co aah (np, +a ) 


We note that only even powers of z in the integrand of equation (15) will contribute 
to the integral, so that terms containing the radical will drop out. Putting n = 0, 


, 2 in equations (13) and (15), we get 


) 
pprAo(p, pi) = Pr" + 2p*p, — 4P(pi), —a<p, (17) 
2 2 
p’*prAi(p, rr) = ps Pt ~ QPP — 4y(pr), p~Pi<p, (18) 
a) ” 
2 2 
p*pPAs(p, pr) Es - psPrP bt Sp py Sp + 18&p, 4 
ov ”) 
(—6pi:4 + 2p?p,? — 3p? + 15p,? — 18)P(m») | P< p, (19) 
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where 
* s Pp -o 
g(p) = [p + (p? — IP], P= vf e.” ds. (20) 
0 


When p; > p, we must interchange p with p; in the right-hand sides of equations 
(17), (18), and (19). 

Our method of solution consists in reducing the Boltzmann-Hilbert integral equa- 
tion to an ordinary differential equation. The procedure will be illustrated in the 
following section for the case of self-diffusion. 

3. The Coefficient of Self-diffusion—We consider a gas consisting of molecules 
of mass m, diameter o, and number density n. The molecules are divided into 
two groups which are somehow labeled but which are otherwise mechanically in- 
distinguishable. Let the number density of the molecules of the first group be 
n(r), that of the second group n.(r); then, since their sum, n = [n,(r) + no(r)], is 
assumed to be uniform, we have 0n,/Or = —On./dr. We wish to determine the 
rate of self-diffusion of the two groups. The equilibrium distributions in each 
group are given by 


fio = mae", fo? = nye"; (21) 
m \" m 
a= ( ) : b= > (22) 
QrkT 2h7 
Due to diffusion, these equilibrium distributions will be modified to 
fi = fi(l + ¢1), fo = fo + oe), (23) 
where a suitable form for the g’s is found to be 
1 On, 
¢i(C)) = — *C;A(e}); ¢2(C2) = 
Ny or 
| On» : l On, 
_— *CoA(c2) = a *WA(cy), (24) 


ny OF Nn, OF 


A(c) being a function of the absolute value of c which is to be determined from 
Boltzmann’s integral equation. This integral equation applies to f; and f, sepa- 
rately 3 


ee | on 5 

Of = —m"1i(¢i) — mnlw(¢gi + ¢2) = ( ) ier 3 (25) 
ny or 

| On» 

Of? = —n7lo(ge) — ninlalgr + g2) = ( ) fee (26) 
Nn» Or 


where the integral operators / are defined by 


mL (F) = “lf foM(F: + F — Fy — F’)| g-k| dkde, (27) 


nil ,(K) = ~~ [ | fof(K — K’)| gc| dkdee, (28) 








FC EE 
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F being a function of c; and K a function of ¢,; and of c. Either equation (25) or 
equation (26) suffices for the determination of A(c). Using Hilbert’s transforma- 
tion, we get 

ny°o°m | 


QakT ) M(pre*" gi(pi) + 


| Re : 2 a ) 
(‘) om e ¢1( pz) E = (*,) | apt. (29) 


)arone ~2P" (pi) + 


ni7L1(¢1) = 


Nyneo?m 


QarkT 


Nynoo?m x y | : 
Gs ) an. nm | cd elDR = (‘,) e” [ei (pz) a e(pe)]f dp». (30) 


Now it follows from equation (24) that 


Ninel (gi + ge) = ( 


Nog2(p2) = — Ngil Pe). (31) 


Substituting equations (24) and (30) in (25), and using equation (31), we get 


| on nino*m acne 
( ) ster te | — Mine “PY gi(pi) + 
ny 


or 2akT 
(‘) ie Sana | 
* ( j ( R ¢i( pz) Ups |, 


where w? = (pi? + po? — 2pip2 cos 6’). 
It will be convenient to adopt a spherical system of co-ordinates in p;, with 


32) 


-_— 


the polar axis pointing in the direction of Vm. Then 


! 


; ] ' 
mgi(C:) = —eA(e) cos |Vny| = -( oer psn COS A, |Vn |, 33) 
ony © 


—_— 


where 


5(pi) = on om AC), (34) 
m 


and equation (32) becomes 


‘ I eee 
pi cos 6 = M(pie~” pi6(pr) cos -( ) Bed “(,) p»-d(p») COs 6 dp». (35) 
vis . 


By equations (14) and (15), the kernel of this integral equation can be analyzed 
into spherical harmonies, of which only the harmonic of order | enters into equation 
(35): 


‘ — po? tw? | ws — ‘ 4 
fe a (j,) p(n) COS 6 dp, = 27 cos A | e-” Hy (pi, p2)d(p2)p2* dpz, (36) 
0 


where 
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r : 1 : 2 : 
H\(~pi, pz) = f P,(cos 6’) sin 6’ dé’ (;.) e (; =) (Pr), Pix Px, (37) 
, 1 #2 


9 

a3 }9(P); n> po. (38) 
coal r yeti \ 

Hence the Boltzmann-Hilbert integral equation, in the case of self-diffusion, takes 


on the form 


Pp 


e~” M(p)p*6(p) — p* = vf ~* g(x)6(a)a dx + 4g(p) f e~* 6(x)x dx. (39) 
P 


€ 
0 


The coefficient of self-diffusion D,, is defined by 


1 on, 1 mn) 1 f 1 f 
—Du (— SS — S| = — J fier der — ~ J fate der, 
ll (< or No or ny fier ac, ‘“ Sole dcs 


which leads to the result 


[kT 


Dy = a——,4/— 
9 Sno? \ rm 


64 * 
= ni pF ‘ 4 ‘ 9) 
a val, € 5(p)p' dp. (42) 


The integral equation (39) will now be reduced to a differential equation. Put 
e?' &(p) = V(p), i] W(x)x dx = f(p) (43) 
Pp 
in equation (39), obtaining 


Pp 


ay 2 
—p*M (p) .) — p* = 4g(p)f(p) — if g(x) f(a)dx = if f(x)g(x) dx, (44) 
ie 


l . 
ip [p°*M(p)f] + 4¢f = —3p%, = 


which is an inhomogeneous second-order ordinary differential equation for the deter- 
mination of f(p). Similarly, one can derive from equation (39) the differential 
equation for V(p), 


ifid A(R" 
| : wan) | + 4p¥(p) = 3 <(F “et 
dp 


dp gdp g 
We have integrated numerically the differential equation (46), and some of the val- 
ues are given in Table 1 under ¥2(p). This solution yields 


I Vip)pt dp = 0.85918, a = 1.01896. (47) 
0 
4. Discussion of Results—The values of a obtained in the successive approxi- 


mations of the Chapman-Enskog method? are 1, 1.005, 1.010, 1.019, the final value 
agreeing with equation (47). 
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The problem of self-diffusion in a gas model of rigid spheres was treated by 
Pidduck,® who based his analysis on Hilbert’s transformation. Pidduck arrives 
at an integral equation” 


O,(p) — i) kx(p, p’)@(p’) dp’ = pG(p), (48) 
0 


for the determination of ¥(p), where 


24/M (p)V(p) 
O(p) = piv MON 2 j Gi(p 
nNo-V Ww 


p 
)= ———————_, 49 
V 1M (p)no” ip 


1 
teo[Lot+ 79] 0 
ki(p, p’) = Sa f e~ (P+ (2792/0?) (a? oo y? Beg 267) dé, (50) 
pp'V M(p)-M(p’) 24 
1 


1 
z=<c(p+p’), y= lp — p’|. (51) 


bo | 


Pidduck evaluates the kernel k,(p, p’) by integrating equation (50) numerically for 
a double series of values of p and p’ situated in the octant of the (p, p’)-plane where 
p > p’, except for the case p = p’, for which 


4q( x 
ky( , — Aa(P) (52) 
pM (p) 
He then iterates this kernel numerically and achieves convergence for the solving 
kernel after the fifth iteration. 
The kernel k,(p, p’) can be evaluated explicitly with the aid of transformation 
(15): 


4g(p’) 
ki(p, p’) = HP) en, p' <p, (58) 
pp'V M(p)-M(p') 
4 } 
a p’ — Dp. (54) 


pp’ V M(p)M(p'), 
Table 1 shows a comparison of the values of ¥;(p) obtained by Pidduck*® with the 
values W,(p) obtained by the author by integrating the second-order differential 


equation (46) for ¥(p). 


TABLE 1 
CoMPARISON OF ¥;(p) CompuTED By Pippuck By Sotvinc NUMERICALLY THE INTEGRAL Equa- 
TION (48), WITH THE VALUES ¥2(p) OBTAINED BY THE AUTHOR BY INTEGRATING NUMERICALLY THE 
SeconpD-ORDER DIFFERENTIAL EQUATION (46) FOR ¥(p) 


Pp Vilp) W2(p) Pp Wi(p) W2(p) Pp Wi(p) W2(p) 
0.1 0.630 0.69956 1.0 0.223 0.22467 1.9 0.0131 0.01311 
0.2 0.635 0.67525 1.1 0.177 0.17765 2.0 0.00867 0.00865 
0.3 0.613 0.63671 1.2 0.137 0.13761 2.1 0.00564 0.00560 
0.4 0.575 0.58662 L.3 0.103 0.10444 2.2 0.00358 0.00356 
0.5 0.529 0.52825 1.4 0.0780 0.07767 2.3 0.00222 0.00221 
0.6 0.451 0.46508 1.5 0.0565 0.05662 2.4 0.00134 0.00135 
0.7 0.397 0.40049 1.6 0.0405 0.04046 2.5 0.00082 0.00081 
0.8 0.338 0.33743 i fey 0.0284 0.02834 2.6 0.00047 0.00047 
0.9 0.277 0.27826 1.8 0.0194 0.01946 2.7 0.00027 0.00027 
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After this investigation was finished, the author discovered that Boltzmann, in a 
paper on self-diffusion,'! had arrived at the integral equation (39) and had then 
reduced this integral equation to a differential equation'? which is identical with 
equation (45). This fact appears not to have been known either to Hilbert or to 
Pidduck. Boltzmann derives the power-series solution of equation (45) for small 
p, then obtains an asymptotic series valid for large p, and also indicates how to pro- 
ceed with the integration for intermediate values of p. However, he does not 
attempt to integrate this differential equation numerically, a step which would 
have yielded him a value for the coefficient of self-diffusion—this in spite of the 
63 pages of rather heavy mathematics which he devotes to the diffusion problem. 

The method by which Boltzmann arrives at the integral equation (39) originates 
in his study of viscosity.'* There he proceeds to obtain a power-series solution 
for the unknown function directly from his integral equation (1), a task which is 
very laborious and which extends over 160 pages. In the course of this work he 
recognizes'* that certain component series in his solution can be summed in terms 
of the exponential integral. Toward the end of this investigation he obtains the 
simplified form of the integral equation (9) which one can derive” by the use of 
equation (19) and then reduces it to an ordinary differential equation of the fourth 
order, but, again, he fails to integrate it. Had he carried out the numerical integra- 
tion, he would have obtained a value for the coefficient of viscosity, which was the 
purpose of his investigation, and he would have been able to summarize these 
efforts on a more happy tone than “Boltzmann attempts to solve exactly by this 
method the typical cases of viscosity and diffusion on the assumption that the 
molecules are elastic spheres; [he] is, however, led thereby to very complicated 
series-expansions which are hardly suited for practical computation, or to a dif- 
ferential equation of the fourth order whose coefficients are transcendental func- 
tions,’’!® 

5. Summary.—The Boltzmann-Hilbert integral equation is the simplified form 
of Boltzmann’s integral equation for the velocity distribution function which 
Hilbert derived for the case of a model gas of rigid spheres. In this paper a trans- 
formation is given by which one can obtain the expansion of the kernel of the 
Boltzmann-Hilbert integral equation into spherical harmonics, and the coefficients 
of the harmonics up to the second are evaluated explicitly. With the aid of these, 
one can simplify the Boltzmann-Hilbert integral equation, in the case of viscosity, 
heat conduction, and self-diffusion of a simple gas, to an integral equation in one 
dimension. This integral equation can be solved by reducing it to an ordinary 
differential equation. The method is illustrated in this paper for the case of self- 
diffusion, where the resulting differential equation is of the second order. This 
differential equation is integrated numerically, and the value of the coefficient of 
self-diffusion obtained agrees very well with the value obtained by the Chapman- 
Enskog method. The work is then compared with the treatment of self-diffusion 
by Pidduck, which was also based on Hilbert’s form of the integral equation. Sub- 
sequently it was found that Boltzmann had derived, by very laborious methods, 
the second-order differential equation for the case of self-diffusion but failed to 
integrate it. This is true also of his work on viscosity, where the differential 
equation is of the fourth order. Had he carried out the numerical integration of 
these ordinary differential equations, he would have determined the values of the 
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coefficients of self-diffusion and viscosity, whereby his efforts on these problems, 
covering 231 pages of his Collected Works, would have borne fruit. 
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EXPERIMENTAL REVERSAL OF SEX IN THE GONADS OF THE 
OPOSSUM DIDELPHIS VIRGINIANA 


By Rosert K. Burns 
CARNEGIE INSTITUTION OF WASHINGTON, DEPARTMENT OF EMBRYOLOGY, BALTIMORE, MARYLAND 
Communicated July 8, 1955 


Since steroid sex hormones in pure form became available for experimental pur- 
poses some twenty years ago, much work has been devoted to the study of their 
effects on the developing genital system in the embryo and the problem of the role 
of sex hormones in the normal differentiation of sex. In many species of amphibia, 
and in bird embryos, sex hormones administered during the period of sexual dif- 
ferentiation readily control the development of the accessory sex structures; at 
the same time they also transform the gonads histologically by reversing the normal 
balance (as genetically determined) between the medullary and cortical ecompo- 
nents. 

In the case of mammalian embryos, however, a serious discrepancy has long 
existed in the apparent failure of sex hormones to induce significant histological 
changes in the gonads, even in cases in which the accessory sex structures are 
strongly transformed. This was the situation encountered in several species of 
placental mammal (rat, mouse, rabbit, guinea pig, hamster, and rhesus monkey) 
and in a marsupial—the North American opossum (Didelphis virginiana Kerr).! 
This conspicuous failure to influence the differentiation of mammalian gonads lent 
weight to the argument that the steroid sex hormones are probably not similar, 
either chemically or physiologically, to the sex-differentiating substances elab- 
orated by the embryonic gonads and have no proper role in the normal processes of 


sex differentiation. 
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However, there seem to be no obvious reasons for supposing that mammalian 
gonads, as a class, are inherently incapable of reacting to sex hormones. On the 
contrary, indirect evidence indicates that—as in other vertebrates—the embryonic 
gonad of mammals is potentially bisexual in its constitution. Spontaneously oc- 
curring hermaphroditism, characterized by the development of ovotestes (herma- 
phroditismus verus), is a familiar anomaly in many mammals. Also, embryonic 
gonads which develop as grafts in strange environments frequently give rise to 
both ovarian and testicular tissues, through the unregulated development of both 
primordial sex components.” Finally, the modified ovaries of freemartins com- 
monly develop testicular structure to a high degree.’ There is, then, no reason to 
doubt that in the early stages of development mammalian gonads possess the 
requisite structural basis and are potentially capable of undergoing sex transfor- 
mation. Their failure to react to sex hormones administered experimentally thus 
posed a problem. 

The question remained in this state until a few years ago when a number of 
eases of well-developed ovotestes appeared in a litter of young opossums which had 
been treated from birth with a rather low dosage of the female hormone estradiol 
dipropionate.* In every male of this litter (seven in all) a well-defined cortical 
layer had developed over the surface of the testis, external to the tunica albuginea. 
The character of the induced cortex, and the state of preservation of the testicular 
region of these gonads, varied considerably in individual cases according to the 
length of treatment. The history of this experiment revealed that the litter had 
been born at an earlier stage than usual (this point will be considered later) and pre- 
sumably had received the first hormone treatment earlier than in any previous 
experiment. Since at the time of birth the gonads of young opossums are just at 
the verge of histological sex differentiation, it seemed likely that the condition of 
the gonads when first exposed to the hormone might be the determining factor. 
However, the dosage was much lower than in previous experiments (1-2 ug. per 
day), and it was felt that this also might be important. 

A histological study of the intersexual gonads showed that the first step in the 
differentiation of the cortical zone consists in a persistence of the germinal epithelium 
over the surface of the embryonic testis long beyond the stage when it normally 
disappears. This observation recalled certain cases noted occasionally in some of 
the earlier experiments on opossums, in which this phenomenon had occurred to a 
limited extent. Such cases were infrequent and were found only in subjects which 
were sacrificed (or had died) comparatively early; in older animals the germinal 
epithelium was absent or was so vestigial in character as to seem insignificant. It 
was now evident, however, that survival of any considerable arca of germinal 
epithelium on a testis for an appreciable length of time represents, potentially at 
least, the initial stage in the development of a cortex. Thus these earlier cases 
were put in a new light. 

This unexpected result, and the circumstances under which it appeared, suggested 
that previous failures—in the opposum at least—might perhaps be due to experi- 
mental conditions rather than to an innate incapacity of the embryonic gonads to 
react to sex hormones. If the embryos could be exposed to the hormone in the 
proper dosage and at a sufficiently early stage in development, transformation of 
the gonads might be obtained regularly. Further success seemed to hinge on 
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securing the young at the earliest possible moment after birth and, particularly, 
on the occasional appearance of litters born somewhat prematurely. 

It is well established that young opossums are born after an unusually brief 
gestation of from 12.5 to 13 days. The evidence on this point has been reviewed 
by MecCrady.’ According to the study of McCrady, birth normally occurs at 
about 12 days and 19 hours, and in his series of normal stages, based on criteria of 
external form, the stage of birth is designated as stage 35. It is readily distinguished 
from stage 34 (which precedes it by about 12 hours) by the form and proportions of 
the head, the structure of the hind limb, and especially by the absence of the oral 
shield—a peculiar plaque-like, epidermal structure surrounding the mouth which 
characterizes stage 34. In the case of the experimental litter which yielded the 
group of ovotestes referred to above, it is known (from specimens preserved and 
photographed when the litter was first seen) that the young were born at stage 34; 
hence they were probably treated some 12 hours earlier (approximately) than in 
previous experiments. 

Accordingly, an effort has been made during the past three years (1) to secure 
embryos for treatment at the earliest possible moment after birth and (2) to deter- 
mine how much variability may exist as to the stage at which viable embryos are 
born, since presumably only those born earlier than usual (at or near stage 34?) 
would provide favorable material for the purpose at hand. The effort has been 
rewarded to the extent that four other litters of this age have been obtained and 
used experimentally with success. The development of ovotestes in males after 
treatment with estradiol dipropionate has been confirmed. In a number of cases, 
moreover, the reversal process has gone much further than in the original group, 
the transformed gonads clesely resembling ovaries in their structure and appear- 
ance. At the present time a total of twenty-three cases, representing every male 
in each of five litters, are available for study and are listed in Table 1. 


TABLE 1 
Length of 


Treatment Av. Dose per No. of 
Litter (Days) Day (ug.) Condition of the Cortex Cases 
I 30 1-2 Well developed but sterile; persistent 
germinal epithelium 7 
I 20 5 Thin to well developed but sterile; per- 
sistent germinal epithelium 6 
III 10 0.3 Persistant germinal eipthelium; incipient 
cortical cords; germ cells 3 
IV 10 0.2 Persistent germinal epithelium; incipient 
cortical cords; germ cells 2 
V 20 0.15 Thick and well developed, with germ cells; 
persistent germinal epithelium; — pri- 
mordial follicles with growing ovocytes 5 
Total 2: 


The process of sex reversal in these gonads, as seen histologically, involves the 
gradual development of a cortical layer over the surface of an embryonic gonad 
which (as revealed by certain peculiarities of its later structure) has already under- 
gone a certain amount of differentiation as a testis. The development of the cor- 
tical zone in an ovotestis is based, histologically, on the normal mechanism of sex 
differentiation. It is a well-established principle of sex differentiation in verte- 
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brates that up to a point in development the embryonic gonad— irrespective of its 
future sex as genetically determined—is potentially capable of becoming either an 
ovary or a testis. During the “sexually indifferent’? phase of development this 
dual potentiality finds expression in the presence of two distinct histological 
elements (Fig. 1, B). The primary sex cords, which have originated somewhat 
earlier as masses of cells proliferated from the inner surface of the germinal epithe- 
lium, represent the male element of the indifferent gonad and are strictly male in 
potentiality. In the development of a testis they eventually form the seminiferous 


. Testis Tubules 






Primary Sex Cords 





Germinal Epithelium 


Secondary Sex Cords (Cortex) 


Fic. 1.—The process of sex differentiation in the gonads of mammalian embryos, illustrated semi- 
diagrammatically. A: The origin of the primary sex cords from the germinal epithelium. B: 
The indifferent stage of sex differentiation, in which the male, or testicular, component of the gonad 
is represented by the primary sex cords; the germinal epithelium, with its potentiality for producing 
secondary sex cords, represents the female component. C: The development of a testis—the 
primary sex cords become the testis tubules, while the germinal epithelium undergoes involution. 
D: The development of an ovary—secondary sex cords arise from the germinal epithelium form 
the cortex, while the primary sex cords retrogress. (In each drawing GL. C. is the cavity of a 
glomerular capsule of the mesonephros, ) 


tubules, while the germinal epithelium undergoes involution (Fig. 1, C). Female 
potentiality in the sexually indifferent phase resides in the germinal epithelium 
itself, which at this stage is present and well developed in both sexes. In prospec- 
tive ovaries (Fig. 1, D) the germinal epithelium persists and continues to prolif- 
erate cells which give rise to the secondary sex cords and the cortex of the ovary. 
The primary sex cords (male component) regress and ultimately either disappear or 
survive in a more or less vestigial condition, their behavior varying somewhat in 
different species. 














Von. 41, 1955 PHYSIOLOGY: R. K. BURNS 673 


The various stages of reversal, as seen in the gonads of experimental animals, are 
patterned closely on this scheme of development, with the difference that under the 
influence of the female hormone a prospective testis is redirected into the pathway 
prescribed for the ovary. The first step in the reversal process must take place 
while the yount testis is still in the indifferent stage (Fig. 1, B). It consists in the 
survival and continued growth of the germinal epithelium of the testis after the 
stage at which it should normally disappear. Persistence of the germinal epithe- 
lium is a striking feature in all ovotestes. At the same time the testis proper is 
inhibited—it becomes greatly reduced in size, while the primary sex cords (pros- 
pective testis tubules) are distinctly atrophic. An ovotestis in such an early stage 
of reversal is shown in Figure 2. At an age of 20 days post partum the germinal 
epithelium is well developed over the entire surface of the testis external to the 
tunica albuginea aithough it would normally have disappeared completely within 
a few days after birth. In many places clusters of cells proliferating from the inner 
surface of the germinal epithelium represent the beginnings of secondary sex 
cords—the cortical component of the ovotestis (Figs. 2 and 3). 

In specimens treated for a longer time (30 days) with female hormone the pro- 
duction of cortical cords continues until a thick and compact layer of tissue under- 
lies the germinal epithelium. The cortex thus formed is always external to the 
fibrous tunic layer, which separates it everywhere from the testicular regions of the 
gonad (Figs. 3 and 4). Thus there can be no question as to the origin of the 
cortical zone of the ovotestis: it is the product of the persistent germinal epithe- 
lium, developing in exactly the same way as does the cortex of the normal ovary. 

Many different stages in the development of the cortex, intermediate between 
the conditions shown in Figures 3 and 4, are found. In such a series, parallel 
stages in the atrophy and transformation of the primary sex cords are encountered, 
until, in cases with a well-developed cortex like that in Figure 4, little evidence 
remains of tubular structure. They are finally reduced to the status of pale- 
staining, epithelial strands with no trace of a lumen and in this condition closely 
resemble their homologues—the so-called ‘‘medullary cords” of the ovary. 

At this point an important feature of these intersexual gonads must be empha- 
sized—the total absence of germ cells in the induced cortex (compare Figs. 4 and 5). 
Complete sterility of the cortex was found in all ovotestes of the first two litters of 
Table 1. The reason remains uncertain, but is is possibly related to the dosage. 
In the later experimental groups, in which considerably lower dosages were used, 
it did not occur, although the number of germ cells present was much lower than 
that in the cortex of a normal ovary. Cortical sterility, then, is not a necessary 
condition in transformed testes. 

By far the most complete and convincing examples of histological transformation 
are found in the males of the last three experimental litters, which received the 
lowest dosages of the hormone yet administered (Table 1). In these animals the 
internal organs of sex were all strongly transformed, and the copulatory organs 
were of female type and greatly hypertrophied. Obviously, from the stand point 
of the accessory sex structures, the dosages in these experiments are still well above 
the level required to elicit a strong reaction. The gonads of these males can no 
longer be properly called ovotestes; indeed, in most respects they approach very 
closely the structure of ovaries. The development of the cortex is remarkable, far 
exceeding anything previously encountered (Fig. 5). The germinal epithelium 

















PLATE I 


Fic. 2.—Photomicrograph of an ovotestis in a young male opossum (litter IT, Table 1) produced 
by treatment with female hormone for a period of 20 days. The testis cords (primary .sex cords) 
are greatly reduced in size and show evidences of degeneration. The persistent germinal epithelium 
covers the entire surface of the gonad and shows marked thickening over the distal region (below), 
where secondary sex cords are beginning to form. The incipient cortex is everywhere separated 
from the testicular part of the gonad by a thick fibrous layer, the tunica albuginea. X200. 

Fig. 3.—Photomicrograph, at higher power, of the incipient cortex of the ovotestis shown in 
Figure 2. Prominent clusters of cells, proliferating from the undersurface of the germinal epi- 
thelium, represent the secondary sex cords. The underlying layer of flattened cells is the tunica 
albuginea. X600. 


674 








OO 


——— 


— = 


—— 

















PLATE II 


Fig. 4.—The cortical zone and the underlying funica albuginea in an ovotestis, after treatment 
with female hormone for 30 days (litter I, Table 1). The cortex is composed of numerous cortical 
cords, compactly arranged, external to the unica albuginea however, no germ cells appear, either 
in the cords or in the germinal epithelium. Compare with Figure 5. 500. 

Fic. 5.—Photomicrograph showing the cortical region of a transformed testis in a member of 
litter V. The structure is typically ovarian. Germ cells are present throughout the cortex, but 
in greatly reduced numbers as compared with a normalovary. 600. 
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is unusually thick and covers the entire surface of the gonad. Germ cells are 
always present, although in reduced numbers; moreover, they often show evidences 
of recent multiplication and are rather evenly distributed throughout the cortex. 
Occasionally, well-developed primordial follicles containing ovocytes in early growth 
stages are found. On the other hand, certain defects or peculiarities of structure 
always remain to indicate the testicular origin of these gonads. The reduction in 
the number of germ cells in the cortex has been mentioned, and the medullary 
(original testicular) region is always more extensive than would be found in a 
normal ovary. In some specimens remnants of testis tubules, and rete structures 
of male type, have survived in the medullary one adjacent to the hilum. How- 
ever, such features are relatively minor defects in gonads which are essentially 
ovaries. 

Certain points remain for further investigation. The experiments must be ex- 
tended over longer periods of time in order to determine the permanence of the 
changes induced. Other questions, such as the later history of the cortical germ 
cells and the final fate of the surviving medullary structures, remain to be settled. 
This may require some time because of the necessity of waiting for litters of proper 
age and because of difficulties arising from the fact that the female hormone is not 
well tolerated over long periods of time. 

1 The results for most of the species mentioned are discussed and summarized in a series of 
articles appearing in La Différenciation sexuelle chez les vertébérs: Colloques internationaux du 
Centre national de la Recherche scientifique, Vol. XX XI (Paris: Masson & Cie, 1951). 

2 See, for example, A. Buyse, J. Exptl. Zool., 70, 1-41, 1935; and T. Torrey, J. Exptl. Zool., 
115, 37-58, 1950. 

3B. H. Willier, J. Exptl. Zool., 33, 63-127, 1921. 

*R. K. Burns, Arch. anat. microscop. et morphol. exptl., 39, 467-483, 1950. 

5 Kh. MeCrady, Jr., The Embryology of the Opossum (“‘American Anatomical Memoirs, No. 16 
Philadelphia: Wistar Institute of Anatomy and Biology, 1938). 


SOCIAL BEHAVIOR IN FRESH-WATER FISH AND ITS EFFECT ON 
RESISTANCE TO TRYPANOSOMES 


By James H. Barrow, Jr.* 
DEPARTMENT OF BIOLOGY, HUNTINGDON COLLEGE, MONTGOMERY, ALABAMA 


Communicated by G. EF. Hutchinson, June 1, 1955 


In the course of experiments on the effect of temperature upon resistance of 
fresh-water fishes to trypanosome infection, unanticipated behavior patterns 
which modified the temperature effects were discovered. Since the phenomena 
observed are likely to be of considerable interest to students of psychosomatic and 
social aspects of resistance, these experiments are reported here in advance of a 
large body of data on fish trypanosomiasis obtained at the same time. 

The fish in these experiments were kept in the constant-temperature apparatus 
of the zodlogy department of Cambridge University! in aquaria measuring 24 X 
12 & 12 inches. The temperatures maintained were 5°, 10°, 15°, and 20° C., with 
aeration and a constant slow flow of the water. The fish were fed Daphnia, Enchy- 
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traeus, Tubifex, or chopped earthworms every other day, and it was possible to 
maintain as many as six fish that were 5 inches long in each aquarium. The follow- 
ing fish were used: (1) Ten tench (7%nca tinea) purchased from a dealer. They 
were very emaciated and heavily infected with trypanosomes and a skin infection 
of Ichthyophthirius (which disappeared two days after the fish were placed at 15° 
or 20° C.). (2) Ten perch (Perca fluviatilis) that were infected with trypanosomes. 
Six of these had been maintained in a running-water aquarium in the laboratory for 
eighteen months, while the other four were caught in the Cam River just after the 
ice thawed in the winter of 1954. (3) Six goldfish (Carassius auratus) purchased 
from a dealer in Cambridge. They were infected with trypanosomes by the 
bite of leeches which had previously fed on the infected perch from the laboratory 
stocks. 

To examine the fish for trypanosomes, blood was obtained by clipping off small 
portions of gill filaments from the anesthetized fish. The blood was transferred by a 
small pipette to slides for smearing and staining or examining fresh. 

Table 1 indicates which fish lose their infection, the conditions controlling this 
loss, the behavior of the fish, and the fish that were bled for antibodies. The perch 
and goldfish behaved in the same manner in all temperature conditions studied, 
with possibly more activity in the 20° C. tank. Their behavior was in the nature 


TABLE 1* 
Errect oF TEMPERATURE ON THE BEHAVIOR OF FISH AND ON THEIR RESISTANCE 
TO TRYPANOSOME INFECTIONS 


DURATION OF 


KIND OF ARRANGEMENTS TEMPERATURE OF AQUARIA (CENTIGRADE)— 
Fisn (Days) 20 15 . 5° 

Perch 28 (1)t-(5) 6-7 2-3 4-8-9-10 

Perch 7 (2)t-(3)t 6-7 4-8 9-10 

Perch 28 (4)t+18) 6-7 9-10 

Perch 14 (6)-(10) 7-9 ig 

Tench 28 (1)f > 2t-3f 7-8 4-5-6 

Tench 7 (2)t > 4f-3f 7-8 5-6 

Tench 21 (4)T > 5f-3f 7-8 6 

Tench 12 (5)t§ 7-8 

Tench 14 (3)T§ 7-8 

Goldfish 21 neh 1-2-3 4-5-6 

Goldfish 14 (1)}-(2)-(3) 4-5-6 

Goldfish 12 (4)-(5) a: 6 


* Numbers indicate individual fish and are those used to follow their sequence throughout 
the experiments. Parentheses around numbers indicate that trypanosomes disappeared in 
the blood in 5-7 days. Dashes between numbers indicate peck-dominance relationship; fish 
to the left tended toward dominance in most cases. > indicates that fish to the left dominated 
territory. 


t Tested for antibodies. 
t Ceased feeding. 
§ Placed in a battery jar at same temperature after 7 days. 


of a,‘‘peck-dominance”® * with all the fish able to feed satisfactorily. Some of the 
perch were in the tanks with the tench for part of the experiments; no interference 
with behavior or feeding was observed between the two species, even in the 20° C. 
tank. Although quantitative determinations of trypanosomes in blood of the 
fish could not be made accurately because of the dilution of the blood sample by 
water on the gills, it was possible to distinguish any drastic reduction of the trypa- 
nosomes. It was observed that in all the perch and goldfish, after about a week in 
the 20° tank, the number of trypanosomes was drastically reduced. In some 
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specimens (perch Nos. 2 and 4; goldfish Nos. 2, 4, and 5) none could be found on 
the slides at all. Perch Nos. 1 and 8 were observed to maintain a very low infec- 
tion of rare parasites for three weeks after the initial reduction. The fish in the 
other tanks retained high infections of trypanosomes throughout their stays in 
those tanks, only to lose them when transferred to the highest temperature. 

The tench behaved similarly to the goldfish and perch in the 10° and 15° tanks: 
they all fed; their behavior showed a very loose “peck-dominance’’; and the high 
infections of trypanosomes were retained. In the 20° C. aquarium the tench 
behaved quite differently. They became highly irritable, and the slightest jar of 
the aquarium, turning on of lights, or movement of other fish would send them all 
into frenzied dashes around the aquarium. Eventually the activity became great 
enough to disrupt the heating element in the tank. Moreover, their behavior 
exhibited marked territoriality. 4 One tench dominated the whole territory and 
constantly drove the others into opposite corners of the tanks. The dominant 
fish was the only one that fed. It was also the only fish to eliminate its trypano- 
some infection. Tench No. 3 remained in the tank eight weeks without losing its 
infection, while No. 1 lost its infection within a week’s time, after which period it 
was removed. After the dominant fish was removed, No. 4 was taken from the 
10° C. tank and placed in the 20° C. tank. The fish that remained in the tank 
did not feed for a day or two after the dominant fish was removed. Fighting 
started after the introduction of the new fish, with fish No. 2 becoming dominant 
and eventually losing its infection of trypanosomes. The experiment was again 
repeated by replacing the dominant fish with a fish from a lower temperature, 
with the same result as described above. With the removal of the third dominant 
fish, the two remaining fish were left in the tank. Neither fed for a week, although 
living Tubifex were moving on the bottom of the tank. At the end of the week 
tench No. 5 immediately began feeding when placed in a battery jar floated in the 
20° tank, and it had lost its infection by the fifth day under these conditions, 


TABLE 2 


EFFECT OF SERUM ON TRYPANPSOMEs (10° C.) 
Time since Loss 


Serum of Trypanosomes 

Source Observed Effect * 
Tench 1 3 weeks ~_ 
Tench 2 1-2 days +++f 
Tench 3 1-2 days +++ 
Tench 4 2 weeks _ 
Tench 5 5 days ae 
Perch 1 2-3 weeks _ 
Perch 2 1-2 days ++++ 
Perch 3 1-2 days +4 
Perch 4 3 weeks +t 


* — indicates no effect on trypanosomes; +, less than 20 
per cent of trypanosomes lysed in one hour; ++, approxi- 
mately 50 per cent of trypanosomes lysed in one hour; +++, 
80-90 per cent trypanosomes lysed in one hour; ++++4, 
all trypanosomes lysed within 30 minutes. 


+ Agglutination of trypanosomes observed. 


Likewise, No. 3, which had been in the aquarium the whole time and had retained 
a very high infection, began to feed voraciously when similarly isolated and had 


lost its infection by the seventh day. 
Evidence that the loss of the trypanosome infection was a result of antibodies 
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produced by the fish—not the effect of temperature directly on the parasites—was 
obtained by serological studies of the blood of five tench and four perch after they 
were removed from the 20° C. tanks at intervals up to 21 days after trypanosomes 
had disappeared from the blood (Table 2). These fish were bled from the heart 
after receiving a blow on the head with a block of wood. The serum was removed 
from the clotted blood and tested for antibody activity in dilutions of 1:1, 1:2, 
and 1:4 parts of amphibian saline. 

The fish producing the trypanosomes that were used as test antigens were kept 
at 10° C. and were the same species as the ones that supplied the serum. The 
trypanosome-infected blood was taken into a pipette that had been rinsed in 
citrated amphibian saline. A drop of this blood was mixed with two drops of the 
diluted serum. A comparison of the number of trypanosomes present immediately 
after mixing the serum and blood with the number surviving one hour later gave 
evidence of lyses of the trypanosomes. While the counts were being made, any 
agglutination of the parasites was observed. 

The results of the immunological studies are summarized in Table 2. It was 
possible to demonstrate the production of trypanocidal antibodies by the perch 
and the tench. The antibodies may not destroy all the trypanosomes, and those 
that remain show no visible effect from the antibodies. Evidence that the anti- 
bodies are rapidly dissipated is given by the fact that no antibody activity could 
be demonstrated after the infection had been reduced for two to three weeks. 
This evidence supports earlier observations on bacterial infections in fish.® 

These observations, in general, support those previously made on the immunol- 
ogy of fish and amphibians.® 7 The temperature at which the fish are maintained 
and the feeding of the fish have been demonstrated to be two factors involved. 
The observations also show that the production of antibodies may be controlled 
by the social position of the animal, particularly if strong territorial behavior 
develops with heavy population density of the hosts. Observations indicate that, 
once the behavior pattern is sufficiently established, it will be maintained in spite 
of the removal of the dominant animal. 

* This work was carried out in the department of zodlogy, University of Cambridge, England, 
while the author was a Fellow of the Fund for the Advancement of Education of the Ford Founda- 
tion. He wishes to acknowledge his indebtedness to both of these institutions. 

1M. E. Brown, “The Growth of Brown Trout, Salmo trutta, Linn.,”’ J. Exptl. Biol., 28, 473-480, 
1951. 

2 B. Greenberg, “Some Relations between Territory, Social Hierarchy and Leadership in the 
Green Sunfish, Lepomis cyanellus,” Physiol. Zoél., 20, 267-299, 1947. 

3 J. C. Braddock, “Some Aspects of Dominance-Subordination in the Fish, Platypoecilus macu- 
latus,”’ Physiol. Zoél., 18, 176-195, 1945. 

4M. Meyer-Holzapfel, ‘(Das Territorium als Grundlage der soziales Organization bei einer 
Gruppe von Schwanzbandsamlern,”’ Rev. suisse zodl., 48, 531-536, 1941. 

5K. A. Bisset, “The Effect of Temperature upon Antibody Production in Cold-blooded Verte- 
brates,” J. Pathol. Bacteriol. 60, 87-92, 1948. 

6K. A. Bisset, “The Effect of Temperature on Non-specific Infections of Fish,’”’ J. Pathol. Bac- 
teriol., 58, 251-258, 1946. 

7 J. H. Barrow, B. J. Vaughn, and A. M. Salyerds, “Host Specificity and Immunological Reac- 
tions zegainst Trypanosoma diemyctyli in Amphibia,”’ J. Tenn. Acad. Scz., 28, 190, 1952. 








ECTOPIC DIFFERENTIATION OF EARS IN SECONDARY EMBRYOS 
OF FUNDULUS 


By Jane M. Oppenheimer 


DEPARTMENT OF BIOLOGY, BRYN MAWR COLLEGE, AND OSBORN ZOOLOGICAL LABORATORY, YALE 
UNIVERSITY 


Communicated by J. S. Nicholas, July 22, 1955 


Introduction.—Although it was first demonstrated almost twenty years ago! 
that fragments of the early embryonic shield of Fundulus differentiate successfully 
after implantation to the extra-embryonic membrane of hosts the same age as the 
donors, no systematic analysis has subsequently been made of the comparative 
capacities for differentiation of various portions of the shield after such trans- 
plantation. Accordingly, an investigation is currently in progress for the purpose 
of studying on the extra-embryonic epithelium the development of fragments 
representing four different antero-posterior levels of the Fundulus shields. While 
final description and interpretation of the results must await completion of the 
histological study of the experimental embryos, inspection in the living material 
of the patterns of differentiation accomplished and evoked by the grafts reveals 
some features of sufficient significance to warrant their presentation at this time. 

Experimental Procedure.—The grafts consisted of fragments obtained by dividing 
stage 13 or stage 14° shields antero-posteriorly into four parts, of approximately 
equal length (Fig. 1). These were implanted on the extra-embryonic membrane 
of hosts approximately the same age. All layers constituting the shield were 
included in the grafts. The hosts were raised to stage 31 or stage 32, the pre- 
hatching or hatching stages, respectively. 

Observations.—The secondary structures identifiable in the living condition 
which were differentiated by the grafts or in association with them included brain, 
spinal cord, eye and lens, ear, heart, pericardium, notochord, segmented muscula- 
ture, urinary bladder, peritoneum, and pectoral and longitudinal fins. When 
similar grafts, in another experimental series,* had been implanted into the shield 
rather than on extra-embryonic membrane heart, pericardium, bladder, peritoneum 
and longitudinal fin were not differentiated, and pectoral fin was formed with far 
less frequency. Furthermore, as far as the components of the secondary aggre- 
gates which can be identified in the live material are concerned, the variety of 
structures differentiated as a result of implantation of grafts derived from any 
specific level seemed considerably wider after transplantation to extra-embryonic 
than to embryonic regions; this was particularly evident for grafts from the 
posterior parts of the shield. 

Of equal interest with the specific content of the secondary masses is the arrange- 
ment of their constituent organs within them. In a number of cases, following 
the extra-embryonic implantation of the fragments designated 3 and 4 in Figure 1, 
the secondary structures were organized to form entities resembling trunk and tail, 
in which the principal axial structures exhibited their typical topographic relation- 
ships to one another. These represented secondary embryos which, though smaller 
than their primary counterparts, were sometimes of remarkable quality (Figs. 
2 and 3). 
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Fig. 1.—Scheme of oper- 
ations, indicating the sources 
of the fragments (1, 2, 3, 4) Fig. 2.—Anterior view of a secondary 
utilized for grafts. Dorsal embryo induced by the implantation of a 
view of shield in intact Fundu- fragment 4 from a stage 13 shield on the 
lus egg. Regions 1, 2, 3, and 4 extra-embryonic membrane of a stage 13 
indicate approximate regions host, drawn at stage 30 to 31. An auditory 
of prospective forebrain, mid- vesicle (AV) containing two otoliths has 
brain, hindbrain, and spinal differentiated dorsal to the neural axis and 
cord, respectively, at stage 13, considerably posterior to the level of at- 
the midgastrula stage. ES, tachment of the paired pectoral fins (F). 
embryonic shield; FEM, extra- P, pericardium; Y, yolk. Magnification, 
; embryonic membrane; Y, yolk. X55. 
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| Fig. 3.—Lateral view of a secondary embryo induced by the implantation 
, | of a fragment from a stage 13 shield on the extra-embryonic membrane of a 
= stage 13 host, drawn at stage 31. The anterior end of the induced embryo is 
; shown at the right of the figure. In this embryo paired auditory vesicles 
" with differentiated canals have formed anterior to the fins; the right member of 
; r. the pair, containing three otoliths, is seen at the right of the drawing. Another 


smaller and less highly differentiated auditory vesicle, unpaired and contain- 
ing only a single otolith, located posterior to the fin in the embryo, is farther 
to the left of the figure. AV, auditory vesicle; F, fin; H, heart; P, pericar- 
dium. Magnification, X55. 
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The tails of the induced embryos were rarely straight, and two were bifid. The 
anteriormost structures formed in embryos induced by the implantation of frag- 
ment 3 or fragment 4 consisted most often of heart or pericardium, ear, or pectoral 
fin. Pericardium was often differentiated in the absence of heert. The heart, 
when present, was rhythmically contractile but failed to establish circulation within 
the secondary embryos; it was, in fact, a characteristic attribute of the extra- 
embryonic grafts and their associated structures that they lacked vascularization 
in almost all cases, although the vitelline vessels of the hosts coursed adjacent to 
and sometimes immediately below them. The pectoral fins were unique among 
the induced structures in that they were frequently equal in size to those of the 
host, and in some cases they were functional. In several induced embryos they 
were reduplicated. 

The auditory vesicles differentiated by the secondary embryos were in most 
‘ases small and retarded in development as compared with the primary ones, 
failing to differentiate canals but containing in some cases the two otoliths charac- 
teristic of the early Fundulus ear, in other cases only a single one. The production 
of ear rudiments is appropriate for embryos induced by the implantation of frag- 
ment 3, which includes the prospective hindbrain region, and is not wholly un- 
expected at the anterior limits of those produced by the implantation of fragment 
4, which presumably undergoes some regulation when isolated on extra-embryonic 
epithelium and which in any case borders anteriorly on the prospective hindbrain 
region. Especially noteworthy, therefore, is the position in the induced embryos 
of the ear primordia, which developed in a number of cases at some distance caudad 
of their typical antero-posterior level. These were located posterior to the pectoral 
fins, in the trunk region of the secondary embryos, adjacent to notochord and to 
what appears to be spinal cord, with somites anterior as well as posterior to them. 
Their development in mid-notochord levels is of particular interest in Fundulus, 
where the chorda normally has its anterior termination posterior to the ear level. 

The ectopically located auditory vesicles were in some cases the only secondary 
sar rudiments differentiated (Fig. 2); in at least one case, however, such a pri- 
mordium was located well posterior to the pectoral fin on the right side of the embryo, 
while other secondary paired ears, much more advanced in their differentiation, 
were found in their normal position anterior to the fins (Fig. 3). A case somewhat 
similar to the latter has been illustrated at an earlier stage in development for an 
induced Fundulus embryo described some time ago (see Fig. 9 of an earlier paper’); 
here a single medially located auditory vesicle was situated anterior to the second- 
ary pectoral fins, and another ear rudiment was produced just posterior to the 
left. secondary pectoral fin. 

Discussion.—The fact that the ear, which normally develops at a single specific 
antero-posterior level of the embryonic axis, can also differentiate at an appreciably 
more posterior level, in association with structures not usually found in close topo- 
graphical relationships with it, is of considerable interest. Otocysts have fre- 
quently differentiated atypically in the amphibian as a result of the use of abnormal 
inductors‘~?; Chuang® and Toivonen® reported an unexpectedly high frequency 
of otocysts at trunk levels after implantation of abnormal inductors into the 
blastocoele, but this has been accounted for as possibly a result of interaction of 
regional influences between host and graft.’ The factors responsible for the atyp- 
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ical location of the auditory vesicles in Fundulus must be sought in the secondary 
embryos themselves rather than in the relationships of these to the primary embryo, 
for, as previously emphasized! and as confirmed by the character of the structures 
developed in the present series, the differentiation of parts located remote from the 
hosts on the Fundulus extra-embryonic membrane is not subject to influence from 
the primary embryo. 

Chuang? also studied the differentiation of explants in which fresh Triton liver 
has been combined with prospective ectoderm. At least one of these gave rise to 
auditory vesicles, though it consisted otherwise only of nonbrainlike nerve tissue, 
chorda, muscle, and connective tissue. Yamada and Takata’ reported otocysts to 
have differentiated, following the implantation of mouse kidney in isolated ecto- 
derm, in explants consisting largely of spino-caudal structures (cf. their Table 3, 
which lists 7 out of 32 such explants as containing ear vesicle and only 4 as con- 
taining brain). As a matter of fact, the occasional differentiation of ears in fish 
isolates containing primarily trunk and tail structures has also been reported for 
the trout,’ in an experimental series in which prospective ectoderm of trout had been 
combined with posterior archenteron roof (trunk organizer) on the yolk-sac epithe- 
lium of older trout fry. 

The significance of ear formation under the influence of living or abnormal 
inductors in irregularly shaped explants or isolates containing primarily spino- 
caudal structures is hardly to be minimized. Ectopic ear differentiation in such 
highly organized secondary embryos as discussed here for Fundulus demonstrates, 
however, even more dramatically that there may be mechanisms involved in the 
production of auditory vesicles which have hitherto escaped detection. In the 
first place, the fact that ear rudiments predominate as the ectopic structures sug- 
gests that these organs may be more readily induced than are other organs by 
agents not typically active in their differentiation, a contingency which may be 
related to the fact that differentiation of the ear, at least as exemplified by that of 
the amphibian, has been demonstrated to be affected by a greater number of factors 
than is that of most other organs so far investigated.’ Interesting, however, 
as the agents responsible for governing the differentiation of ears per se may be, the 
present results are of wider significance: since they demonstrate the operation of 
factors functioning at various points along the primary axis, they may open a way 
to investigate the differentiation of a highly localized structure as related to the 
organization of the embryonic axis as a whole. While their full significance re- 
mains to be evaluated it may be stated now that the reported data are extremely 
difficult to reconcile with the concept that a single inducing system, diminishing 
quantitatively as a gradient along the axis, could be responsible for releasing the 
diversity of form which characterizes the vertebrate embryo. 

Summary.—The development of fragments representing four antero-posterior 
levels of the embryonic shield of Fundulus has been studied after their implantation 
to extra-embryonic regions of hosts of approximately the same age as the donors. 
The variety of structures formed in association with grafts of any particular level 
is greater after implantation to extra-embryonic than after implantation to em- 
bryonic regions. Of particular interest, however, is the arrangement of structures 
differentiated and induced by the grafts. The fragments representing the two 
posterior quarters of the shield often induce highly organized embryos containing, 











684 ZOOLOGY: J. M. OPPENHEIMER Proc. N. A.S. 


besides a number of trunk and caudal structure, auditory vesicles which are fre- 
quently located posterior rather than anterior to the secondary pectoral fins. The 
fact that the ear, which normally develops at a single specific antero-posterior 
level of the embryonic axis, can also differentiate more caudally in organized 
secondary embryos, suggests that there may be mechanisms involved in ear pro- 
duction which have hitherto escaped analysis and which have a fundamental signifi- 
cance with relation to the factors governing the establishment of the primary 
embryonic axis as a whole. 
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